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H We find the geometry of all supersymmetric type I backgrounds by solving 

the gravitino and dilatino Killing spinor equations, using the spinorial geometry 
technique, in all cases. The solutions of the gravitino Killing spinor equation 
are characterized by their isotropy group in Spin{9, 1), while the solutions of the 
dilatino Killing spinor equation are characterized by their isotropy group in the 
subgroup of Spin{9, 1) which preserves the space of parallel spinors V. Given 
a solution of the gravitino Killing spinor equation with L parallel spinors, L = 
1,2,3,4,5,6,8, the dilatino Killing spinor equation allows for solutions with N 
supersymmetries for any < N < L. Moreover for L = 16, we confirm that 
N = 8, 10, 12, 14, 16. We find that in most cases the Bianchi identities and the 
field equations of type I backgrounds imply a further reduction of the holonomy 
of the supercovariant connection. In addition, we show that in some cases if the 
holonomy group of the supercovariant connection is precisely the isotropy group 
of the parallel spinors, then all parallel spinors are Killing and so there are no 
backgrounds with N < L supersymmetries. 
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1 Introduction 

The last twenty years, supersymmetric solutions of the type I supergravities and their 
geometries have been the focus of intensive investigation because of their applications 
in type 1 and heterotic superstrings, see e.g. [1]-[21]. Type I supergravities have three 
types of Killing spinor equations associated with the vanishing of the supersymmetry 
variations of the gravitino, dilatino and gaugino. The gravitino Killing spinor equation 
is a parallel transport equation of a metric connection with skew-symmetric torsion, 
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V, where the torsion is the NS(8)NS or R(8)R three- form field strength in the heterotic^ 
or type I superstrings, respectively. So the holonomy of V, hol(V), is contained in 
Spin(9, 1). The existence of parallel spinors requires that hol(V) must be a subgroup of 
their isotropy group in Spin(9, 1). Therefore either the Killing spinors have a non-trivial 
(proper) stabihty Lie subgroup in Spin{9,l) or the stability subgroup is {1} and the 
curvature of V vanishes, ^ = 0. The isotropy or stabihty subgroups, up to a discrete 
identification, of Majorana-Weyl spinors in Spin{9, 1) are 

Spin{7) K (1) D SU{A) K (2) D Sp{2) K (3) D {SU{2) x SU{2)) K (4) 

D SU{2) K (5) D U{1) K (6) D (8) , 
5pm(7) K (1) D (2) D ,5C/(3) (4) D ,5C/(2) (8) D {1} (16) , (1.1) 

where in parenthesis we have denoted the number of linearly independent invariant 
spinors. The maximal compact subgroups of (1.1) have appeared before, see [26], in the 
context of super symmetric M-brane configurations. Lists of isotropy groups of Spin{9, 1) 
and Spin{10, 1) spinors in various representations^ can be found in [27]. Most of above 
groups have also appeared in [28] . To our knowledge the concise list of isotropy groups 
of Spin{9, 1) Majorana-Weyl spinors has been given for the first time in this paper and a 
proof that (1.1) is complete can be found in appendix B. As can easily be seen, there are 
two classes of stability subgroups characterized by their topology. Moreover the isotropy 
group of 9 or more spinors is {1}. Therefore backgrounds with more than 8 parallel 
spinors necessarily have R = 0. 

The dilatino Killing spinor equation is not amenable to such a straightforward Lie 
algebraic interpretation. This has been one of the obstacles to find the geometry of 
all super symmetric type I backgrounds. Nevertheless much progress has been made to 
systematically understand the geometry of supersymmetric type 1 backgrounds. In [28], 
the Killing spinor equations of type 1 supergravities have been solved, using the spinorial 
geometry method of [29] , under the assumption that all the V-parallel spinors are Killing, 
i.e. all solutions of the gravitino Killing spinor equation are also solutions the dilatino 
one, see also [30] for an application to the common sector. 

The supersymmetric backgrounds with R = have been examined in [31]. In par- 
ticular, R = and dH = imply that the spacetime is a Lorentzian metric Lie group. 
These groups have been classified in [32, 31], based on some earlier work on Lorentzian 
Lie groups [33]. So, the class of supersymmetric backgrounds that remains to be exam- 
ined is that for which some of the V-parallel spinors do not solve the dilatino Killing 
spinor equation and R ^ 0. 

In this paper, we classify the geometry of all supersymmetric type 1 backgrounds. 
This is done by completing the program, i.e. by solving the Killing spinor equations for 
those backgrounds for which only some of the V-parallel spinors solve the dilatino Killing 
spinor equation. We shall find that the Killing spinor equations allow for backgrounds 
for any .V < 8. A^'e haw carried out the classification using a combination of the spinorial 

^Similar geometries appear in the context of (1 -|- 1)- and (l-l-O)-diniensional supersymmetric sigma 
models, see e.g. [22, 23, 24, 25]. 

^The isotropy groups of spinors are representation sensitive. There are many more isotropy groups 
that appear for Spin{9, 1) Majorana spinors, and the Spin{10, 1) Majorana spinors have different 
isotropy groups. 
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geometry method of [29] and its recent adaptation to nearly maximally supersymmetric 
backgrounds proposed in [34, 35]. The first part of the task is to find the V-parallel 
spinors and to solve the gravitino Killing spinor equation. This has been done in [28] 
and the parallel spinors have been identified in most cases. We give the parallel spinors 
of the SU{2) K and U{1) ix cases that have not been included in [28]. 

Next it remains to identify the Killing spinors of a supersymmetric background, 
i.e. those V-parallel spinors that solve the dilatino Killing spinor equation as well. Clearly 
for a background with Killing spinors and L V-parallel spinors, 1 < < L. The 
backgrounds with N < L are referred as ''descendants" . The N Killing spinors of a 
supersymmetric background can span any A'^-plane in the L-dimensional vector space V 
of V-parallel spinors. Generically there are infinitely many choices of A'"-planes in an L- 
dimcnsional vector space, so at first sight it appears that the program cannot be carried 
out. However, according to the spinorial geometry method of [29], the Killing spinors 
should be identified up to a gauge transformation of the Killing spinor equations. So 
not all choices of A^-planes give rise to different spacetime geometries. In particular any 
two A^-planes that are related by a Spin{9, 1) transformation which preserves the space 
of parallel spinors give rise to the same spacetime geometry and fluxes up to a Lorentz 
transformation. Given that the solutions {ei, . . . ,€1) of the gravitino Killing spinor 
equation span V, Ve^ = 0, we shall identify the Killing spinors up to transformations of 
the group 

E(P) - Stab(P)/Stab(ei, . . . , ei) , (1.2) 

where Stab(P) is the subgroup of Spin(9j 1) which preserves the L-dimensional vec- 
tor space V and Stab(ei, . . . , e^) is the subgroup of Spin{9,l) which preserves each 
(ei,...,ei) individually. We shall sec that is the product of a Spin group and 

an /^-symmetry group of an appropriate lower- dimensional supergravity. It turns out 
that after an appropriate identification using ^(7^), there is a finite number of distinct 
iV-planes, for N < L/2, and so the classification can be completed. In particular the 
Killing spinors of all the descendants can be identified. For > L/2, one can use a 
similar argument to specify the normals to the Killing spinors. As in [34], these can be 
used to determine the Killing spinors. The dilatino Killing spinor equation can again be 
solved. 

The Killing spinors of all descendants can be characterized by two groups. One is 
the isotropy group of the parallel spinors we have already mentioned. The other is 
the isotropy group of the Killing spinors Stabs (ei, . . . ,eAr) in In the description 

of Stabs, it is sufficient to consider A^ < L/2. This is because for A^ > L/2, it is 
more convenient to consider the analogous groups for the normals to the Killing spinors. 
However, these coincide with those of the Killing spinors for N < L/2. 

A special case are the descendants of backgrounds with L = 16 parallel spinors. 
These backgrounds are parallelizable, R = 0. In this case, our method reproduces the 
results of [31]. A summary of the geometric properties of all cases can be found at the 
conclusions. 

We also investigate the conditions on the descendants imposed by the Bianchi iden- 
tities and field equations of the type I supergravities. For Stab(ei, . . . , ei) non-compact, 
L < 8, it turns out that dH = and the field equations of type I supergravities imply that 
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the descendants exist if and only if the holonomy of V, hol(V), reduces to a proper sub- 
group of Stab(ei, . . . , cl), i.e. hol(V) C Stab(ei, . . . , In particular, if one insists that 
hol(V) = Stab(ei, . . . ,6^), then under the same conditions, the gravitino Killing spinor 
equation implies the dilatino one and so the only backgrounds that occur are those for 
which N — L, i.e. those investigated in [28]. For Stab(ei, . . . , e^,) compact, there are 
descendants for which hol(V) = Stab(ei, . . . , e^,). Moreover, the gravitino KiUing spinor 
equation implies the dilatino one provided some conditions are satisfied in addition to 
those implied by dH = 0, the field equations and hol(V) = Stab(ei, . . . , e^). 

The gaugino Killing spinor equation, Fe = 0, can also be understood in a similar 
way to that of the gravitino Killing spinor equation. In particular, the spacetime indices 
of the gauge field strength F can be interpreted as taking values in spin(9, 1), so either 
the spinors e have a non-trivial stability subgroup in Spin{9, 1) or the gauge connection 
is flat, -F = 0. We shall not present a detailed analysis of the conditions on F implied 
by the dilatino Killing spinor equation. This is because the geometry of spacetime is 
not affected by the solutions of the gaugino Killing spinor equation^. Of course one can 
consider the possibility that some of the solutions of the gravitino and dilatino Killing 
spinor equations solve the gaugino one as well. However, it is more usual to take that 
either all parallel spinors solve the gaugino Killing spinor equation or that all solutions 
of the gravitino and dilatino Killing spinor equations also solve the gaugino one. In all 
cases the solutions of the gaugino KiUing spinor equation can be deduced from those of 
the gravitino Killing spinor equation. 

This paper is organized as follows: In section two, we describe how the gauge sym- 
metry of the Killing spinors can be used to identify the Killing spinors of all super- 
symmetric type I backgrounds. In sections three to five, we investigate the descendants 
of SU{4:) K M^-, Sp{2) K M^- and {SU{2) x SU{2)) k M^-invariant parallel spinors and 
compare their geometry to that of backgrounds for which all parallel spinors are Killing 
in each case. In sections six and seven, we solve the Killing spinor equations, and those 
of their descendants, of backgrounds with SU{2) x R^- and U{1) K M^-invariant parallel 
spinors. In section eight, we examine the Killing spinor equations of the descendants of 
M^-parallel spinors. In section nine, we use the Bianchi identities and the field equations 
to investigate the conditions under which the holonomy of V reduces to a subgroup of 
the isotropy group of the parallel spinors. We also present some applications. In sections 
ten, eleven and twelve, we solve the Killing spinor equations of the descendants of back- 
grounds with G2-, SU{3)- and S't/(2)-invariant parallel spinors, respectively. We also 
investigate the reduction of the holonomy and its consequences in each case. In section 
thirteen, we investigate the parallelizable backgrounds using the methods developed in 
this paper and confirm the results of [32, 31], and in section fifteen we give our conclu- 
sions. In appendix A, we summarize some aspects of the geometry of manifolds which 
admits V-parallel spinors and outline some of their geometric properties. In appendix 
B, we show that the list presented in (1.1) is complete, and in appendix C, we summa- 

^The gauge field may contribute in the modification of the Bianchi identity of H due to the anomaly 
cancellation mechanism, and so it affects the spacetime geometry only in the case that dH 7^ 0. However 
to lowest order in a', dH = 0. If the anomaly correction is included, then the sigma model two-loop 
contribution to the field equations should be taken into account, see e.g. [10]. In any case, most of our 
analysis is independent of such assumptions on dH. 
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rize some results on a group representation that we have used to investigate a,n N — A 
descendant of S'[/(2)-invariant parallel spinors. In appendix D, we give the additional 
parallel spinor bi-hnears for the SU{2) K and U{1) k cases. 

2 Preliminaries 

The Killing spinor equations of type I and heterotic supergravities are 

Vie, H)Ae = V^e = , A{e, H, $)e = (r^9^$ - ^HABc'r^^'')e = (2.1) 

where e is a frame, $ is the dilaton, H is the NS(8)NS three-form field strength and 

WbY^ = VbY^ + ^H^BcY'' , (2.2) 

is a metric connection with torsion H. The spinors e are in the positive chirality 
Majorana-Weyl representation of Spin{9, 1) which in the conventions of [28] are 
represented by even-degree forms. (We use the conventions of [28] throughout this pa- 
per.) 

The Lie subgroups of Spin{9, 1) that leave some spinors invariant have been listed 
in (1.1). We collectively denote them with Stab(ei, . . . , ej^) for L = 1,2,3,4,5,6,8 and 
16. These stability subgroups have the property that they leave every individual spinor 
invariant. Since the holonomy of V is contained in Spin{9, 1), the gravitino Killing spinor 
equation has solutions provided that 

hol(V) C Stab(ei, . . . , ei) . (2.3) 

If Stab(e) = {1}, then the curvature of V vanishes, R = 0. This together with the 
closure of H, dH = 0, imply that the spacetime is a Lorentzian metric Lie group. 

To solve the dilatino Killing spinor equation, we first assume that we have a solution 
of the gravitino Killing spinor equation, i.e. we have a given number of parallel spinors 
spanning a subspace V in the space of spinors 5"+. Then we try to find the conditions 
for which some of the parallel spinors solve the dilatino Killing spinor equation as well. 
If is the number of Killing spinors, then necessarily they are at most as many as the 
parallel V-spinors, so 

< dim = L . (2.4) 

Let {rji} be a basis in the space of parallel spinors, Vrji — 0, V — R < rji, . . . ,r]L >■ 
The Killing spinors can now be written as 

L 

1=1 

where / is a matrix of spacetime functions of rank N. Since must remain V-parallel 
and {r]i} is a basis, it is easy to show that in fact / is a constant matrix. Let JC be the 
A'"- plane in V spanned by the Killing spinors, /C = M<ei,...ejv>. 
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Next suppose that I e Spin{9, 1) and that it preserves^ V, tP C V. Then consider 
and observe that 

V{e^~\H^~^)Ur = iV{e, H)er = , 
A{e^~\ H^~\ ¥~')eer = M(e, H, $)e, = , (2.6) 

where \ //^ \ $^ ^ are the Lorentz transformed frame, H and dilaton with respect to 
the inverse Lorentz transformation^ associated with i e Spin{9, 1). Therefore the 
spinors ier are also solutions of the Killing spinor equations up to a Lorentz rotation of 
the frame and the fluxes. Since we identify backgrounds related by frame Lorentz trans- 
formations, one concludes that the A^-planes K, and iJC give rise to the same spacetime 
geometry and fluxes. Thus to classify the A^-supersymmetric backgrounds, it is sufficient 
to find all iV-planes in V up to transformations in Spin{9, 1) that preserve V. 

To continue we have to identify the subgroup C Spin{9, 1) which preserves V, 

where = M < 771, . . . , 77^ >. As we have mentioned in the introduction, first define the 
stabihty subgroup of V as 

Stab(P) = {ee Spin{9, 1) s.t. iV C V} (2.7) 

Clearly Stab(?7i, . . .til) Q Stab(7^). In fact Stab(77i, . . .77^) is a normal subgroup. Then 
we define 

J:{V) = Stab(7')/Stab(r7i, ...Vl) ■ (2.8) 

S(P) may act non-trivially on the space of parallel spinors preserving the subspace 
spanned by them and takes the role of the gauge group in the context of the spino- 
rial geometry approach to solving the Killing spinor equations. The groups S(P) are 
summarized in table 1. It can be easily seen that they are products of the type S(7') = 
Spin{d, 1) X R. Such groups are reminiscent of the gauge groups of ((/+ l)-supergravities, 
where R is the R-symmetry group. It may be possible to make this correspondence more 
precise by considering compactifications of type 1 supergravity on supersymmetric back- 
grounds with an appropriate S(P) group. 

To see how S(P) is used, let us first choose V and suppose that only one of the V- 
parallel spinors also solves the dilatino Killing spinor equation, say e and so N = 1. The 
spinor e can be expressed as a linear combination of a basis of parallel spinors e = fifji. As 
we have explained, e and ie, i e S(P), give rise to the same spacetime geometry. So the 
Killing spinors which may lead to different spacetime geometries are labeled by the orbits, 
C's(p)('P), of ^i'P) in T^- Hence, to find all = 1 backgrounds with L V-parallel spinors, 
it suffices to choose a single representative from each orbit of S(P) in V. In general these 
representatives depend on as many different parameters as the number of deformations 
that preserve the orbit. In particular the representatives of generic orbits, i.e. orbits of 
maximal co-dimension, the number of parameters is equal to the co-dimension of the 
orbit in V. The Killing spinor equations are linear, so the Killing spinor is specified 

*The assumption iV C V can be relaxed but it is more convenient to consider only those i that 
preserve V. 

^We denote with the same symbol the element £ G Spin{9, 1) and its projection on the Lorentz group. 
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Table 1: In the columns are the numbers of parallel spinors, their isotropy groups and 
the groups, respectively. The S('P) groups are a product of a Spin group and an 

R-symmetry group. 

up to an overall scale. As a result, the number of independent parameters that the 
Killing spinor depends on is at most the dimension of the deformations that preserve 
the associated orbit. The number of parameters of representatives of generic orbits is 
either codim Cs(-p) (P) or codim (^) — 1 depending on whether contains a 

scale generator. In most generic cases, it turns out that codimO is either zero or one 
and so we have to specify a single direction. 

To continue, we proceed inductively. Let K. be the A'"-plane in V spanned by the first 
N Killing spinors, 

O^IC^V^ V/K, , (2.9) 

/C = M < ei, . . . , Cat >. To choose the (iV + l)-th Killing spinor, we first consider 
Stab(/C) C S(P) that preserves /C, i.e. 

Stab(/C) - {£ e S(P) , £/C C /C} . (2.10) 

The strategy we adopt is to use Stab(/C) to choose the {N + l)-th Killing spinor. For 
this, first choose a spinor e^+i which is linearly independent from those in /C. Since 
the Killing spinor equations are linear, it suffices to choose e^v+i up to elements in 
/C. Thus eAT+i can be thought of as an element in V /KL. Moreover Stab(A^) acts on 
V/IC preserving the plane of the first N Killing spinors. Using again the identification 
of supersymmetric backgrounds under frame Lorentz rotations, the {N + l)-th Killing 
spinor eAr+i can be chosen to be a representative of the orbits 0stab(yc)(^/^) of Stab(/C) 
in V/K,. Again the number of independent parameters that e^v+i has depends on the 
type of orbit it represents. If it is a generic orbit, the number of parameters is either 
codimCstab(A:)(^/^) or codim Ostab(K:)(^/''C) — 1 depending on whether Stab(/C) acts 
with or without a scale transformation on V/K,. 
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The above described procedure works well for all 1 < < L/2. For N > L/2 
in some cases it is more convenient, instead of determining the Killing spinors up to 
Spin{9, 1) transformations, to specify their normals. For this first recall that we have 
chosen V C S~^, where is the positive chirality Majorana-Weyl representation of 
Spin{9, 1). The dual of (5*+)* is identified with S~, the negative chirahty Majorana-Weyl 
spinors, via the Majorana Pin-invariant inner product B, i.e. S~ — see [28, 34] 

for details. Define Q = B(V*). Next, Spin{9,l) acts on S~ and so as before define 
The hyperplane of Killing spinors of = L — 1 supersymmetric backgrounds has 
a unique normal in Q. Using the identification of supersymmetric backgrounds under 
frame Lorentz transformations and an argument as above, backgrounds with distinct 
geometries are labeled by the orbits Cs(Q)(Q), i-e. by the choice of the normal u up to 
gauge transformations that preserve Q. The normal spinor is specified up to an overall 
scale, i.e. we need to specify only the normal direction. Thus the number of parameters 
that the normal spinor has depends on the type of orbit it represents. For generic orbits, 
the number of parameters is either codim(9s(Q)(Q) or codimOs(Q)(Q) — 1 depending on 
the way that S(Q) acts on Q. Then the hyperplane of the KiUing spinors is specified by 
the orthogonality condition 

B{iy,IC)=0. (2.11) 

To continue, one proceeds inductively. First define J\f as the (L — A^)-plane in Q spanned 
by the first L ~ N normal spinors. To specify an additional Killing spinor up to a 
Spin{9, 1) transformation, define the subgroup Stab(A/") C Spin{9, 1) that preserves jV 
and consider the sequence 

Q^M^Q^ QjM ^ . (2.12) 

The [L — N normal spinor ul^n^i is chosen to be linearly independent from the 
first L — N normal spinors and it is specified up to elements in J\f. This is because the 
(iV — 1)-Killing spinors will span a hyperplane in /C and so they will be always orthogonal 
to A/". Thus z/^^-AT+i can be thought of as an element in Qj M . Using the identification 
of supersymmetric backgrounds under frame Lorentz transformations again, the addi- 
tional normal spinor can be chosen as a representative of the orbits Ostab(Ar)(Q/A/'). The 
number of independent parameters of the new normal depend on the type of orbit it 
represents. For generic orbits, the number of parameters is either codim(9stab(Ar)(Q/A/') 
or codim (9stab{A/')(Q/-^) — 1- In turn the Killing spinors are determined by the orthog- 
onality condition 

S(A^,/C) = 0, (2.13) 

where now M is spanned by all — L -|- 1 normal spinors. As we have mentioned in 
the introduction, we refer to the backgrounds with N super symmetries, N < that 
arise from a given set of Stab(ei, . . . , eL)-invariant parallel spinors as "descendants" of 
Stab(ei, . . . , ei). 
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3 The descendants of 5'C/(4) k 

A (complex) basis® in the space of parallel spinors can be chosen as 

1 . (3.1) 

Observe that S(P) = Spin{l, 1) x U{1), where the generator of Spin{l, 1) is and 
the generator of U{1) can be chosen as iV^^. Observe that Spin{l, 1) = M*. There is a 
single descendant background with N — 1 supersymmetry. The dilatino Killing spinor 
equation can be written as 

^(l + ei234) = 0. (3.2) 

We use the conventions of [28] to denote the spinors and forms that arise in the analysis 
that follows. Note that the stability subgroup of the Kilhng spinor in S(7^) is Stabs (1 + 
61234) = {I}- 

The strategy we adopt to organize the solutions of the Killing spinor equations in all 
cases is to first solve the gravitino Killing spinor equation. The conditions that arise are 
the same for all descendants. Then the dilatino Killing spinor equation is solved for each 
descendant and the solutions are expressed in representations of Stab(ei, . . . el), i.e. the 
isotropy group of the parallel spinors. 



3.1 Geometry of the gravitino KiUing spinor equation 

The solution of the gravitino Killing spinor equation can be read off from the results of 
[28]. The conditions that this imposes on the geometry is that hol(V) C SU{A) K M^. 
This is equivalent to requiring that the spacetime admits the V-parallel forms 

e~, e~ l\ijJi ^ e~ARex, e~Almx, (3.3) 

where 

u:i = -(e^ A e® + A + 6=^ A + A e^) , x = (e' + ie^) A • • • A (e^ + ie^) , (3.4) 

and / is an endomorphism constructed by the metric and the two form a;/. In particular 
/ can be thought of as an "almost complex" structure in the "transverse space" to the 
light-cone directions. In the Hermitian light-cone frame e"^, e~, e", e", it has components 

7"^ = a, (3 = 1,2,3,4. 

To continue, the metric and three-form can be written as in appendix A. In this case, 
t = su(4). So, 5u(4)-^ is spanned by the (2,0)- and (0,2)-forms, and Ui in A'^(R^) (g) C. 

As we have explained in appendix A, the components of H^jj'^ are determined by the 
geometry. In particular, one finds that 

H^;'^ = -^[^.(V-a;)],■=2^[(V_Rex)..,...3Rex/^'=^'=^]^'°+°'^ 

^The associated real basis is (l -|- 61234, i(l — 61234)) . This can be easily found by taking the real and 
imaginary parts of the complex spinor 1 with respect to a reality condition that defines the Majorana- 
Weyl representation of Spin{9, 1), see [28]. 
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H-iju/^ = ^(V_Rex)ikiteWmx'^'^'^'\ i, j, • • • = 1, 2, 3, 4, 6, 7, 8, 9. (3.5) 
Furthermore, the conditions along the transverse directions give 
= li/..,e^Ae^Ae'= 

= -iiduJi-2N{I)=i<{duJiAuJi)-]-i<{e^jAujiAuji)+N{I), (3.6) 

where d denotes the exterior derivative projected along the eight directions transverse 
to the light-cone and the Hodge duality -k operation^ is taken with volume form rfvol = 
A • • • A A A • • • A e^. For a similar expression for if ''^'^^ in the context of Riemannian 
geometry see [9]. In addition 9ujj = — {-kdtuj A cui) is the Lee form of a;/, and A/'(/) is a 
(3,0) and (0,3) tensor, the Nijenhuis tensor of the endomorphism 7, A/'(/)a^7 = '^Hap-y- 
It remains to find the conditions on the geometry. It turns out that 

(de+),X'' = 2^(V+Rex)feifc,fe3fe4lnix'^'^'^'% 

W2 ^ o] 'e^^e^ex: (3.7) 

where de~ — r]~~^de+ and ^Rex = ~i * (★(iRex A Rex) is the Lee form of Rex- The first 
two conditions are required for the compatibility of determining H^^j in terms of both 
the Lie derivative of uo and x along the parallel vector field. The last two conditions, are 
required for the existence of H^^^^. W2 is one of the Gray-Hervella classes for determining 
U{n) structures [42]. The vanishing of 14^2 implies that that the Nijenhuis tensor is skew- 
symmetric in all three indices. The non-vanishing of the Nijenhuis tensor indicates that 
the endomorphism I is not integrable. The equality of the Lee forms O^^ and ^Rex can 
also be expressed as a condition on 5'C/(4) classes by saying that W4 — W5. 



3.2 Geometry of N = 1 supersymmetric backgrounds 

The solution of the dilatino Killing spinor equation is 

d^^ + \H0,p,p,e^'^^P'^ - \h^p^ - \h_+^ = . (3.8) 
D 2 2 

This is the same as that which has been found in [28] for = 1 supersymmetric Spin{7) x 
backgrounds. The above conditions are in addition to those we have stated in the 
previous section for the existence of a solution to the gravitino Killing spinor equation. 
In particular, (3.8) can be rewritten as 

= , de' e spin(7) , 
^Note that ★V'ii...i„-fc = nV'ji. ..j^e^'-^Si. 
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{d^h + ^^fk,k,ks{Rex)''''''^ - ^{e^,)^ - 2^-+^ = , (3.9) 

The space of spacetime two-forms decomposes under the action of Spin{7) ix into 
irreducible representations. The condition de^ G spin(7) means that the two- 

form de^ takes values in the 5pin(7) (Bs subspace. This is equivalent to writing 
de^ = a + e^ AP, where a is a two-form with values in the 21 irreducible representation 
in the decomposition of the transverse two-forms in Spin{7) representations and /3 is a 
transverse one-form. Alternatively, this condition can be written as 

{de-)iju;'^ = , {de-)ij = ^{de-)^ Rex^/' ■ (3.10) 

Both these conditions can be thought of as additional conditions on the geometry of 
spacetime. The components of de~ that he in su-'-(4) C spin(7) are not required to 
vanish. The components of de~ along 5u(4) (Bs are not restricted by the Killing 
spinor equations. The last condition in (3.9) is a generalization of the conformal balance 
condition that it is well-known for some supersymmetric type I backgrounds, sec e.g. [7]. 
Variations of this condition appear in all solutions of dilatino Killing spinor equation for 
all descendants. 



3.3 Comparison with N=2 

It is instructive to compare the conditions we have found for the N — 1 backgrounds 
with the results of [28] for the N — L — 2 backgrounds. The solution of the dilatino 
Killing spinor equation is 

(9+$ = , H+a" = , H+aia2 = -f^/3i/32/33 = , 

da^ - \h^/ - \h_+^ = . (3.11) 
This can also be rewritten as 

= , M{I)ijk = , de" e su(4) ®s C spin(7) , 
(ci$),-^(e,J,-^i/_+, = 0, (3.12) 

i.e. the endomorphism / is integrable and both e~ A uji and A % are invariant under 
the action of the V-parallel vector field e+, i.e. 

£e+(e- Aa;,) = C,^{e- Ax) = . (3.13) 

The conditions that arise from the gravitino Killing spinor equation are the same. The 
differences of = 1 and N = 2 backgrounds are summarized in table 2. The isotropy 
group Stabs of the = 1 Killing spinor in E(P) is also tabulated. 
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SUi l) K R« 


d(- 




Stabs 


= 1 


5pin(7) ®s 


N{I) ^ 


{1} 


N ^2 


5u(4) ®s 


= 





Tabic 2: The differences in the geometry of = f and N = 2 backgrounds are in 
the non- vanishing components of de~ and A/'(/). It is understood that the remaining 
conditions of the dilatino Killing spinor equation for N = 1 backgrounds are valid. 

4 The descendants of Sp(2) k 

A basis in the space of parallel spinors can be chosen as 

l + ei234, 61234), ^(612 + 634), (4.1) 

i.e. V = M. < 1+61234, i(l — 61234), ^(612 + 634) >. It is easy to see that in this case E('P) = 
Spin(l, 1) X SU{2), where SU{2) acts on V with the three-dimensional representation. 
In particular, in the basis given above su(2) is spanned by F^^ — F^"^, F^^ — F^"^, |(F^^ + 
p22 _|_p33_|_p44-^^ and the generator of Spin{l, 1) is r+~. Prom these, it is straightforward 
to find the = 1 and N — 2 descendants. 

As in the previous case, we first solve the gravitino Killing spinor equation. The 
conditions that arise from the analysis of both the gravitino and dilatino Killing spinor 
equations in all cases can be most efficiently organized as conditions on two endomor- 
phisms / and J. It turns out that this is a generic feature of all cases that have parallel 
spinors with non-compact isotropy groups. In every new case, we shall introduce an 
appropriate new endomorphism. 

4.1 Geometry of the gravitino KiUing spinor equation 

The geometry of the gravitino Killing spinor equations can be investigated as in the 
SU{4:) K case. The difference is that there are three V-parallel three-forms, instead 
of one, associated with the Hermitian forms of an almost hyper-complex structure. Let 
{Ir, r = 1, 2, 3} = {/, J, K} be endomorphisms such that Irlg = Srs^sxs + ^rsth- Then 
if the forms 

e~ , e~ Aluj , e~ Acuj , (4.2) 

are V-parallel, then hol(V) C Sp{2) K M^, where ui^uj and lok are the associated 
Hermitian forms. One can easily show that e~ A uk is parallel as well. In particular uj 
can be chosen as in the SU (4) x case while uoj = 2Re(e^ A + e'^ A e*^). 

The conditions on the geometry can be described as two copies of those of the SU (4) K 
case, with each copy associated with one of the endomorphisms /, J, that have to be 
valid simultaneously. To proceed, we have to identify the directions that he in sp(2)-'-, 
A2(m8) = sp{2) © sp{2)-^. For this first observe that sp(2) is spanned by the (l,l)-forms 
in A^(M^) (8) C with respect to both I and J. Thus sp(2)-'- is spanned by the (2,0)- and 
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(0,2)-forms with respect to /, and those (l,l)-forms with respect to / that are (2,0) and 
(0,2) with respect to J. So if one sets H^^^'^'' — (if^''^"^^'^, H]i^), then one can write 



where the projections (2,0), (0,2) and (1,1) have been taken with respect to the / endo- 
morphism. In addition, we get the geometric conditions 

ide^:; = -\[ijiy^^Mt- (4-4) 
Furthermore, one finds that 

1 
2 



= -^jiy-uj)^, (4.3) 



-ijduj - 2N{J) = -k{(Lj Auj)---k (e^j AujA Uj) + N{J) . (4.5) 



1 
2 

The equahty involving the / and J expression should be interpreted as a condition on 
the geometry. Moreover W2{I) = W2{J) = which is equivalent to the condition that 
the Nijenhuis tensor of both / and J is skew-symmetric. 

4.2 N=l 

The dilatino Killing spinor equation is 

^(1 + 61234) = , (4.6) 

The solution has been given in (3.8) or equivalently (3.9). 

4.3 N=2 

The dilatino Killing spinor equation is 

^1 = 0. (4.7) 

The solution to the dilatino Killing spinor equation has already been given in either 
(3.11) or equivalently (3.12). 

4.4 Comparison with N=3 

The conditions that arise form the dilatino Killing spinor equation in this case have been 
computed in [28] and can be summarized as 

= , de- e sp(2) e, , J\f{i)ijk = ^^{J)i3k = o , 

29,$ = (^,J, = (^,J, . (4.8) 

The conditions on the geometry that arise from the gravitino Killing spinor equation 
are the same in all cases. The differences arise in the solution to the dilatino Killing 
spinor equation and have been summarized in table 3. We also give Stabs. 
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(1 i 




a 




= 1 


5pin(7) 


AA(/),Ar(J)^0 




m 


N = 2 


5u(4) 


= 0,N'{J) ^ 






N = 3 


Sp{2) M« 


=X{j) = o 







Table 3: The differences in the geometry of = f, = 2 and A^ = 3 backgrounds 
are in the non- vanishing components of de~ , and A/'(/) and A/'(J), and the relation 
between the Lee forms. — indicates that there is no relation between the Lee forms. It 
is understood that the remaining conditions of the dilatino Killing spinor equation for 
N — 1 backgrounds are valid. 

5 The descendants of {SU{2) x SU{2)) k 

A complex basis in the space of {SU{2) x SU{2)) ix M^-invariant spinors is 

1 , ei2 . (5.1) 

It is easy to see that in this case = Spin{l,l) x Sp{1)l x Sp{1)r. Identifying 

V^M, Sp{1)l X Sp{1)r acts as 

X — > axb , xeu, aeSp{l)L, beSp{l)R. (5.2) 

In addition, Spin{l,l) has the generator F"*"". There is a single type of orbit in V 
with stability subgroup Sp{l) acting with the three-dimensional representation on the 
remaining space. From this, one can easily determine the Killing spinors for all cases. 
The Stabs groups are given in table 4. 



A^ 


Stabs 


1 


SU{2) 


2 


m 



Table 4: The first column denotes the number of supersymmetries and the second column 
the stability subgroups of Killing spinors for A^ < 2 in T,(V) = Spin{l, 1) x 5'p(l)/, x 
Sp{1)r. 

5.1 Geometry of the gravitino KiUing spinor equation 

The gravitino KiUing spinor equation imphes that hol(V) C {SU{2) x SU{2)) x M^. In 
turn this is equivalent to requiring [28] that the forms 

, A tui , A , e~ A xi , e" A X2 , (5.3) 

are V-parallel, where Ui = —i{e^ A + A e^), uj2 = —i{e^ A e^' + e"^ A e^), Xi = 2e^ A e^, 
and X2 = 2e^ A e^. In this case is spanned by the (2,0) and (0,2) forms of the 
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endomorphisms I, J and L, where cui — U!i + UJ2, ojj — Re(xi + X2) ^^'^ cul — ^^i — <^2- 
The endomorphisms satisfy the algebra 

I^^J^^L^^ -Igxs , IJ = -JI , IL^LI , JL = -LJ . (5.4) 

In addition (/, J,K = IJ) and {L, M = ILJ, N = —IJ) are almost hyper-complex 
structures, and P = IL is an almost product structure. The geometric conditions that 
arise from the gravitino Killing spinor equation are those that arise from three U (4) k 
structures each associated with I, J and L, respectively. Applying the results of appendix 
A, we find the geometric conditions 

{de+)ap = -^(i/jV+u;i)a/3 , {de+)pg = -^{i i^V +U2) pq 

{de+)pa = -2{ii^V+uJi)pa , {de+)pa = -2{ij^V +uji)pa 

ide+)ij u'l = (V+Rexi)ij Imxl^ , {V+uJi)pg = , 

{de+)ijUJ2^ = (V+Rex2)ii IniX2"' , (V+u;2)a/3 = , (5.5) 

where a,f3 = 1,2 and p.q = 3,4. From these it is also straightforward to express the 
components of in terms of the geometry. In particular, one has that 

H-ai3 = ~{iiy-u!i)ap = (V_Rexi)ai Re(xi)/3' + (V_Imxi)aJm(xi)/ 

H-pq = -\i^i2^-^2)pq = (V_Rex2)piRe(x2)/+ (V_lmx2)pilni(x2)9' 

H-pa = -2{iiy_ui)pa = -2{ii^V^uj2)pa = 2(V_Rexi)pi (Rexi)a' 

= -2(V_Rex2)m(ReX2)p* , 
H_pa = -2{ii^V-UJi)pa = -2{ij^V-U2)pa = 2(V_Rexi)pj (Rexi)a' , 

= -2(V_Rex2)m(ReX2)/ , 
H_ij uj\^ = (V_Rexi)ij Imx'/ , (V_a;i)pg = , 

H_ij u'i = (V_Rex2)i,- Imx2' , {^-^2)0.? = . (5.6) 

This concludes the analysis of the conditions along the light-cone directions. 

Next consider the parallel transport equations along the transverse directions. It 
turns out that 

//-•^^t = -iiduJi - 2H{I) = ^duui AuJi)-l-i. {9^^ AluiA ui) + N{I) 
= -ijdwj - 2M{J) = ★((Lj A a;j) - - ★ {d^^ Auj A Uj) + N{J) 

= -iL(LjL-2M{L)=^{duJLAUL)-\^{9^r.^UJL^i^L)+M{L). (5.7) 

In addition, the W2 Gray-Hervella classes for each endomorphism should also vanish, i.e. 

W2{I) = W2{J) = W2iL) = . (5.8) 
This in turn implies that the Nijenhuis tensors of all endomorphisms are skew-symmetric. 
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5.2 N=l 

As in previous N — 1 cases the dilatino Killing spinor equation is 

^(l + ei234) = 0. (5.9) 

The solution has been given in either (3.8) or equivalently (3.9). It can be easily decom- 
posed in SU{2) X SU{2) representations but the way it is stated in (3.9) suffices for our 
purpose. 

5.3 N=2 

The dilatino Killing spinor equation is 

^1 = 0. (5.10) 

The solution has been given in either (3.11) or equivalently (3.12). Again the solution 
can be easily decomposed in SU{2) x SU{2) representations but the way it has been 
expressed in (3.12) will suffice. 

5.4 N=3 

The dilatino Killing spinor equation is 

^1 = 0, A{ei2 - 634) = . (5.11) 

The solution of the dilatino Killing spinor equation is the same as for the N — 3 su- 
persymmetric backgrounds with Sp{2) K M^-invariant parallel spinors. These conditions 
have already been stated in (4.8). 

5.5 Comparison with N=4 

The solution of the dilatino Killing spinor equation has been given in [28]. This is 
summarized as 

d+<^ = , de- e (5u(2) © su(2)) , 

2di^ - H_+i = = {9^^), = {9^Ji . (5.12) 

The conditions that arise from the gravitino Killing spinor equation arc the same in all 
cases. The differences in the geometry of the descendants that arise from the dilatino 
Killing spinor equation are summarized in table 5. 

6 SU (2) K and its descendants 

A basis in the space of V-parallel spinors V is 

1 , ei2 , eia + 624 ■ (6.1) 
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w2 QTTI'0\ 1D)8 

X oU [Z) K K 


ae 


TV 


Q 

u 


AT" -1 


spin(7) ®5 M.^ 


M{I),M{J),M{L) ^ 




= 2 


5u(4) 


AA(J) = 0,Ar(J),Ar(J) 7^ 




N = 3 


sp(2) r8 


^^{I) = ^^{J) = o,m{l) ^ o 




N = 4 


(su(2) ©5u(2)) ©3 


=X{J)=X{L) = o 


^U>1 ^<JJj ^0)^ 



Table 5: The differences in tfie geometry of descendants are in tlie non-vanisliing com- 
ponents of de~ , and J^{I), M{J) and N{L), and tfie relation between the Lee forms. 
— indicates that there is no relation between the Lee forms. It is understood that the 
remaining conditions of the dilatino Killing spinor equation of A'^ = 1 supersymmetric 
backgrounds are valid. 

It can be easily verified by a direct computation that the above spinors are invariant 
under SU{2) k R^, where su(2) is generated by 

•(pll _ p22 _ p33 ^ p44^) ^ •(pl2^p2i_p34_p43) ^ T^^ - + - T^S . (6.2) 

Alternatively observe that chiral Majorana-Weyl representation of Spin{8), Ag , decom- 
poses under SU (2) x SU (2) as = ©%©EI, where the first four directions are spanned 
by the SU{2) x S'?7(2)-invariant spinors. Moreover SU{2) x SU{2) acts on M by left and 
right quaternionic multiplication. Consequently, the diagonal SU{2) subgroup leaves 
invariant an additional spinor, and so SU (2) x R^ leaves invariant five spinors. 

To investigate the descendants of SU{2) x R^ first observe that = Spin{l, 1) x 

Sp{2), where Sp{2) acts on V with the five-dimensional vector representation, Sp{2) — 
Spin{b). This can be verified cither by a direct computation or by observing that any 
three linearly independent spinors in Ag have stability subgroup Sp{2) C Spin{8). Again 
Spin{l, 1) is generated by r+^. The group Sp(2) acts transitively on the S'^ G V with 
stability subgroup SU (2) x SU (2). Using this, it is easy to construct all the descendants. 
The Stabs groups are collected in table 6. 



N 


Stabs 


1 


SU{2) X SU{2) 


2 


SU{2) 



Table 6: The first column denotes the number of supersymmetries and the second column 
the stability subgroups of Killing spinors for < 2 in = Spin{l, 1) x Sp{2). 



6.1 The geometry of the gravitino KiUing spinor equation 

The gravitino Killing spinor equation is 

VI = Vei2 = V(ei3 + 624) = , (6.3) 
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which imphes that hol(V) C SU{2) K M^. In turn this is equivalent to requiring that the 
forms 

e~ , e~ Aluj , e~ Aluj , c'Alul, e~ Aluq (6.4) 

are V-parallel, where the first four forms are defined as in the {SU{2) K SU{2)) K 
case and 

coQ^e^ Ae^ + Ae^ + e^ Ae^ + e^ Ae^ . (6.5) 

The form spinor biUnears are given in appendix D. The new endomorphism Q satisfies 
the algebraic conditions 

IQ = -QI , JQ^QJ , QL^LQ , = -Ig^s ■ (6.6) 

It is clear that Q is on the same footing as the other three. The su(2)-'- is spanned by 
those forms in A^(M^) which are (2,0) and (0,2) with respect to all endomorphisms. So 
the conditions on the geometry are four copies of those that we have found for SU (4) kM^. 
In particular, the gravitino Killing spinor equation along the directions transverse to the 
light-cone gives conditions like (5.7) and (5.8) but now for all endomorphisms /, J, L 
and Q, see also the general analysis of appendix A. The results are tabulated in table 7. 

6.2 N=l 

The dilatino Killing spinor equation is 

^(1 + 61234) = (6.7) 

The solution has been given in (3.9). 

6.3 N=2 

The dilatino Killing spinor equations are 

^1 = (6.8) 

The solution has been given in (3.12). 

6.4 N=3 

The dilatino Killing spinor equations are 

Al = A{eu - eu) = (6.9) 
The solution has been given in (4.8). 
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6.5 N=4 

The dilatino Killing spinor equations are 

Al = Aei2 = (6.10) 
The solution has been given in (5.12). 

6.6 N=:5 and comparison with the descendants 

The dilatino Killing spinor equations are 

^1 - ^ei2 = ^(ei3 + 624) = . (6.11) 
The solution to the dilatino Killing spinor equation is 

(9+$ = , de' e su(2) , 

Af{I)ijk = M{J)ijk = ^f{L)^jk = M{Q)ijk = , 

2di<^ - = (e^^), = %^,), = %^), = %^), . (6.12) 

The conditions that arise from the gravitino Killing spinor equation are the same in 
all cases. The N — 5 case and the descendants differ in the conditions that arise from 
the dilatino Killing spinor equation. The differences are summarized in table 7. 



SU{2) K R« 


de 




e 


N = 1 


5pin(7) ®s 


AA(/),AA(J), 




N^2 


su(4) ®s 


= 

Af{j),Ar{j),Ar{Q)y^o 




N^3 


sp{2) 


J\f{I) =M{J) = 0, 




N = A 


(su(2) ©su(2)) ®, 


^f{I) = M{j) = M{L) = 

M{Q) ^ 


^Wl ^Ulj ^iJJL 




su(2) ®s 


M{I)=U{J) = 

N{L) =jV(g) = 


0U>J 0u>j 0U>L ^'^Q 



Table 7: As in previous cases, the differences in the geometry of descendants arc in the 
non- vanishing components of de' , and A/'(/), A/'(J), A/'(L), and N'iQ) and the relation 
between the Lee forms. — indicates that there is no relation between the Lee forms. It 
is understood that the remaining conditions of the dilatino Killing spinor equation of 
N — 1 supersymmetric backgrounds are valid. 



7 K and its descendants 

A complex basis in the space of parallel spinors V is 

1, ei2 , ei3 . (7.1) 
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The presence of backgrounds with six parallel spinors is a direct consequence of the 
previous SU{2)t<R^ case. To see this, we decompose Ag under SU{2) as Ag = ©^R©R-\ 
where the first five singlets span the five SU (2) x R^-invariant spinors. Since SU (2) acts 
with the vector representation on M^, there is an additional invariant spinor with stability 
subgroup ^7(1) K M^. In the basis chosen above, u(l) is generated by 

■^pll_p22_p33^p44^) _ (7 2) 

To investigate the descendants of C/(l) K first observe that T,(V) = Spin{l, 1) x 
5'C/(4), where SU{A) acts on V with the real six-dimensional vector representation, 
SU{4) = Spin{6). This can easily be seen from previous results by a direct commu- 
tation. Alternatively, it is a consequence of the fact that the stability subgroup in 
Spin{8) of two linearly independent spinors in Ag is SU{4:), and that SU{4:) acts on 
the remaining spinors with the six-dimensional representation. The descendants can be 
easily found using group theory and the observation that SU (4) acts transitively on the 

in V with stability subgroup Sp{2). The Stabs groups have been collected in table 8. 



N 


Stabs 


1 


Sp{2) 


2 


SU{2) X SU{2) 


3 


SU{2) 



Table 8: The first column denotes the number of supersymmetries and the second column 
the stability subgroups of Killing spinors for A?" < 3 in = Spin{l, 1) x SU{A). 

7.1 The geometry of the gravitino KiUing spinor equation 

The gravitino Killing spinor equation is 

VI = Vei2 = Vei3 = . (7.3) 
This is equivalent to requiring that hol(V) C [/(I) x M®. Explicitly, the solution is 

^A,ll = — ^A,22 = — ^A,33 = ^A,44 • (7.4) 

The condition that hol(V) C [/(!) x is also equivalent to requiring that the forms 

e~ , e~ Aluj , e~ Aluj , e~ Aljl , e~ Aujq , e~ Aujt , (7.5) 
are V-parallel, where the first five forms are defined as in the SU (2) x case and 

ijj^ = -i(e^ A - A + A - A e^) . (7.6) 
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The form spinor bilinears are given in appendix D. The new endomorphism obeys the 
algebraic conditions 

IT^TI , JT^TJ , TL^LT , TQ ^ -QT , - -Igxs ■ (7.7) 

It is clear that the endomorphism T is on the same footing as the other four. So the 
conditions on the geometry are five copies of those that we have found for SU{A) k 
case. In particular, the gravitino Killing spinor equation along the directions transverse 
to the light-cone gives conditions like (5.7) and (5.8) but now for all cndomorphisms /, 
J, L, Q and T, see also appendix A. The results are tabulated in table 9. 

7.2 N=l 

The dilatino Killing spinor equation is 

^(l + ei234) = 0. (7.8) 
The solution has been given in (3.9). 

7.3 N=2 

The dilatino Killing spinor equation is 

^1 = 0. (7.9) 
The solution has been given in (3.12). 

7.4 N=3 

The dilatino Killing spinor equations are 

Al = A{ei2 + eu) = . (7.10) 
The solution has been given in (4.8). 

7.5 N=4 

The dilatino KiUing spinor equations are 

Al = Aeu = (7.11) 
The solution has been given in (5.12). 

7.6 N=5 

The dilatino Killing spinor equations are 

Al = Aeu = A{ei3 + 624) = (7.12) 
The solution has been given in (6.12). 
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7.7 N=6 and comparison with the descendants 

The dilatino Killing spinor equations are 

Al = Aei2 = Aei3 = . (7.13) 
The solution can be written as 

a+$ = , de~ e u(l) ®s , 

29,$ - H_+, = {9^^), = {9^^,), = (^^J, = {9^^), = {9^^)i . (7.14) 



Again, the conditions that arise from the gravitino Killing spinor equation are common 
to all cases. So the differences arise from the conditions implied by the dilatino Killing 
spinor equation. These have been summarized in table 9. 



f/(l) X 


de 


u 


9 


N ^1 


spin(7) 


j\r{i)M{J), 

N{L),N{Q),N{T)^Q 




N = 2 


5U(4) 


= 

Af{J),Af{J),Af{Q),Af{T)^0 




N^3 


sp(2) ®s 


Af{I) = Af{J) = 0, 

Af{L),Af{Q),Af{T)^0 




N 


(5U(2) ©5U(2)) ©^M^ 


Af{I) = Af{J) = Af{L) = 
X{Q),X{T)^Q 


^U>l ^U>J ^(jJL 


N = 5 


su(2) ©, 


Af{I) = U{J) = 
N-iL)=N-{Q) = O.N-{T)^0 


9uj, = 9^ J = 

O^L = 


N^6 


u(l) ©5 


A/-(/) = A/-( J) = 


9(jjj^ ^OJQ ^U>T 



Table 9: As in previous cases, the differences in the geometry of descendants are in 
the non- vanishing components of de~ , and A/'(/), A/'(J), J^{L), M{Q) and ^/{T), and 
the relation between the Lee forms. — indicates that there is no relation between the 
Lee forms. It is understood that the remaining conditions of the dilatino Killing spinor 
equation of A?" = 1 supersymmetric backgrounds are valid. 



8 The descendants of 

A complex basis in the space of V-parallel spinors V is 

1, Cij , i,j<A. (8.1) 

It is clear that these spinors are invariant under M^. Direct inspection reveals that V can 
be identified with the positive chirality Majorana-Weyl representation of Spin{8), 
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V — A^. Using this, we find that S('P) = Spin{l, 1) x Spin{%), where the generator of 

Spin{l, 1) is r+^. 

In the investigation of the descendants with > 4 it is also necessary to consider 
the normals to the parallel spinors. Using the definitions in section two, Q can also 
be identified with the positive chirality Major ana- Weyl representation Ag of Spin{8), 
Q — A J. The identification of descendants of is the most involved so far. Because 
of this, we shall describe each case in more detail. The descendants can be easily found 
using group theory and the observation that Spin{7) acts transitively on the S"^ in V 
with stability subgroup Spin{7). The Stabs groups have been collected in table 10. 



N 


Stabs 


1 


Spiniy) 


2 


SU{A) 


3 


Sp{2) 


4 


SU{2) X SU{2) 



Table 10: The first column denotes the number of supersymmetries and the second 
column the stabihty subgroups of KiUing spinors for < 4 in T,{V) = Spin{l, 1) x 
Spin{8). 

8.1 Geometry of the gravitino Killing spinor equation 

The condition that hol(V) C is equivalent to requiring that the forms 

e' , e~Ae\ i = 1, 2, 3, 4, 6, 7, 8, 9 . (8.2) 

are V-parallel. In this case, all the components of H are determined in terms of the 
geometry. To see this define the one- forms (vi) — Sije^ . Then 

Hijk = -2Vi{vj)k , H_ij = -2V-{vi)j . (8.3) 

In addition, one also has the geometric conditions 

Vi{vj)k = Vii{vj)k] , {de+)ij = -2V+{vi)j . (8.4) 

We can also describe the solution of the gravitino Killing spinor equation by choosing, 
e~, e~ A LU, as V-parallel forms, where a; is a shorthand for a basis in the space of two- 
forms. This would have been more uniform with previous cases but the choice of the 
parallel forms in (8.2), even though they are not associated with spinor bilinears, leads 
to a simpler description of the spacetime geometry. As in previous cases, the dilatino 
Killing spinor equation imposes additional conditions on the fiuxes and geometry. 

8.2 N=l 

As we have explained in section two, to choose the first Killing spinor in V, it suffices 
to find the orbits of S(P) = Spin{l, 1) x Spin{8) mV = Ag . There is only one type of 
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orbit of co-dimension zero which has stabihty subgroup Spin{l) in S(7'). In particular, 
the dilatino KiUing spinor equation is 

^(l + ei234) = 0. (8.5) 

The solution of this equation expressed in Spin{7) representations is given in [28] and 
reads 

d^^ = , de' e spin(7) , 

di<^>-^{e^)i-^H_+, = , (8.6) 

where 9^ — — |*(*d0 A0) is the Lee form of the 5'pm( 7) -invariant form 0, and the Hodge 
dual has been taken with respect to the volume form dvol = Ae^Ae^Ae^Ae^Ae^Ae^Ae^. 



8.3 N=2 

The first KiUing spinor e is chosen as in the N — 1 case above, ei = e. To choose the 
direction of the second Killing spinor €2 observe that Ag decomposes under the stability 
subgroup of the first normal as = M < 1 + 61234 > ©A7(]R^), i.e. V/IC = Al{R^). In 
addition, Stab(/C) = Spin{l, 1) x Spin{7), where Spin{7) is the stability subgroup of ei. 
Since Spin{7) acts transitively on the sphere in the space of one-forms of M^, Stab(P) 
has a single orbit in A7-(M''') of codimension zero with stability subgroup SU{A). So we 
can choose 62 = i(l — 61234). The dilatino Killing spinor equation is 

^1 = 0. (8.7) 

The solution organized in SU^A) representations is given in (3.12). 



8.4 N=3 

Next consider /C = M < 61,62 >, where 61,62 are the Killing spinors of the N = 2 
case above, and observe that Stab(7') = Spin{l,l) x SU{A) x ^7(1). This group^ is 
constructed from the stability subgroup SU{4:) of both spinors, a C/(l) generated by iV^^ 
which rotates 61 and 62 and a boost (scaling) generated by F"*"". Next observe that under 
Stab(/C), V decomposes as P = /C © ReA|(C^), and so V/IC = ReA|(C^). For this, we 
have used the decomposition A^(M^) = R < i{l - 61234) > ©ReAKC^) under SU{4), 
where 5'C/(4) = Spin{6) acts with the vector representation^ on ReAg(C'^) = M^. Thus 
Spin{l, 1) X SU{A) x U{1) has one type of orbit in ReA|(C^) of codimension zero with 
stability subgroup 5*^(2) x C/(l), where Sp{2) — Spin{5). Thus a representative can be 
chosen as 

63 = «(ei2 + 634) ■ (8.8) 

^There may be discrete identifications in Stab('P) that we do not take into account because the 
analysis is focused on the Lie algebra level, i.e. one may have instead Stab('P) = Spin{l, 1) x (5J7(4) • 
[/(I)). 

^The reality condition in A^(C ) is defined by the anti- linear map r constructed from complex 
conjugation followed by a duality map. Observe that this commutes with the 5?7(4) action on A^(C^). 
So ReA^(C^) is defined as the fixed point set of r. 
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The dilatino Killing spinor equation is 



Al = A{eu + 634) = . (8.9) 
The solution of this Killing spinor equation has been given in (4.8). 

8.5 N=4 

The N — A can be investigated in two ways. One is to use the gauge symmetry either to 
specify the Killing spinors or to determine their normals. It is the "self-dual" case under 
the correspondence 

N< — ^8-A^. (8.10) 

The two ways of examining = 4 arc equivalent, so without loss of generality, we 
shall determine the Killing spinors. We begin by choosing the first three Killing spinors, 
€1,62, €3 as in the N — 3 case above. To determine the forth Killing spinor £4, let 
/C — R < ei,e2,e3 > be the vector space spanned by the three KiUing spinors. First 
observe that S(/C) = Spin{l, 1) x Sp{2) x SU{2), where 5*^(2) is the stability subgroup 
of the first three spinors and SU{2) acts on them with the vector representation. It 
suffices to focus on Sp{2). To determine V /K, recall the results from = 3 and observe 
that ReA2(C^) = M < i(ei2 + 634) > ©A^(M^) under Sp{2), therefore V/IC = A^(M^). 
Moreover Sp{2) — Spin{5) acts with the vector representation on V/JC and so it has 
a unique type of orbit S'^ with stability subgroup Spin{4:) = SU{2) x SU{2). In fact 
Stab(/C) has an orbit in P//C of codimension zero, a representative can be chosen as 

Q = «(ei2 + 634) . (8.11) 

The dilatino Killing spinor equation for A'^ = 4 backgrounds becomes 

Al = Aeu = . (8.12) 

The solution of this has been given in (5.12). In table 11, we summarize the groups S 
that have been used in the identification of the descendants. 



N 


E 


1 


Spin{l, 1) X Spin{8) 


2 


Spin{l, 1) X Spin(7) 


3 


Spin{l, 1) X SU{4) X U{1) 


4 


Spin{l, 1) X Sp{2) X SU{2) 



Table 11: For > 4 the same S groups are used to determine the normals of the Killing 
spinors. 
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8.6 N=5 



The selection of Killing spinors for the remaining N > A backgrounds is straightforward 
from the analysis we have presented for the N < A cases and the correspondence N <-> 
8 — N. So the dilatino Killing spinor equations for A'^ > 4 will be written down without 
further explanation. The choice of representatives is such that the Killing spinors of 
A^-supersymmetric backgrounds are included in the + 1-supersymmetric ones. 
The dilatino Killing spinor equation is 

Al - Aei2 = A{en + 634) = . (8.13) 
The solution has been given in (6.12). 

8.7 N=6 

The dilatino Killing spinor equation is 

Al = Aei2 = Aei3 = . (8.14) 
The solution has been given in (7.14). 

8.8 N=7 

The dilatino KiUing spinor equation is 

Al = Aei2 = Aei3 = ^(eas - eu) = . (8.15) 

The solution is 

a+$ = , de' ER^ , 

29,$ - = {e^,)i = {e^^)i = {e^,)i = (^,j, = {e^,), = (^,j, , (8.16) 

where the sixth endomorphism U is defined via the Hcrmitian form 

^ + - - . (8.17) 

The new endomorphism satisfies the algebraic conditions 

UI = -lU , UJ=JU, UL = LU , UQ = -QU , UT = TU, = -Igxs (8.18) 

The dilatino Killing spinor equations imply that all the Lee forms of the endomorphisms 
are equal. However, this does not imply that all components of H^^^^ vanish. In partic- 
ular, the non-vanishing components are 



Hi23 


= +Hm 


= —H422 


= —H433 


H423 


= — -f^i44 


= H122 = 




H2IA 


= +-^322 


= -H311 


= ~H^AA 


H31I 


= ~-f^233 


= H211 = 


H2A4, ■ 



^.19) 
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8.9 N=8 and comparison with the descendants 

The solution of the dilatino KiUing spinor equation of = 8 supersymmetric back- 
grounds [28] is 

9+$ = , de- Hijk = , 2di^ - H_+i = . (8.20) 



The conditions that arise from the gravitino KiUing spinor equation are common in all 
cases. The differences arise from those of the dilatino Killing spinor equation. We have 
summarize these in table 12. 



SU{2) K M« 


de 


N 


9 


I\ — L 


^t^l 1 ^\ >-T\ TTTi ri 

spxnyi) ©s Mr 


J\l [1),J\I [J),J\I [L) 
\fir>\ \f(i^\ Kf(TT\ -J- n 




N = 2 


su(4) ©5 M« 


Af{I) = 0,M{J),f/{J), 
N{Q),M{T),M{U)^Q 




N^3 


5p(2) ©, R« 


U{I)^U{J)^QM{L), 
AfiQ),AfiT),Af{U)^0 


Ou)J 9(jjj 




(5u(2) © su(2)) ©s M« 


AA(/) = Af{J) = Af{L) = 
Ar{Q),Af{T),Af{U)^0 


Ou)I Oijjj 




su(2) ffi, M« 


J\f{I) = Af{J) = Af{L) = 
N'{Q) = 0,X{T),X{U)y^O 


Owi = dujj = 
9wl ~ ^WQ 


N^6 


u(l)©5 


Af{I)^Af{J)^Af{L)^ 

U{Q) =M{T) = Q,J\fiU) 


Oijjj — (^uj — 

^IjJL ^wiq ^UJt 


N ^7 


M8 


Mil) = M{J) = U{L) = 

J\f{Q) = U{T) = J\f{U) = 


(^LOJ ^Wj Ou)L 
0(jJQ ^UJT 0(jJU 


N = 8 


M8 


Hijk = 





Table 12: As in previous cases, the differences in the geometry of descendants are in 
the non-vanishing components of de" , and A/'(/), M{J), M{L), J\f{Q), M{T) and N{U) 
and the relation between the Lee forms. In the N — 8 case, H'^^^ — and so all the 
Nijenhuis tensors and Lee forms vanish. — indicates that there is no relation between 
the Lee forms. It is understood that the remaining conditions of the dilatino Killing 
spinor equation of iV = 1 supersymmetric backgrounds are valid. 



9 Descendants and reduction of holonomy 

So far we have solved the Killing spinor equations for all supersymmetric backgrounds for 
which the stability subgroup of the parallel spinors is non-compact, Stab(ei, . . . ,6^) = 
K \x M.^. The question that arises is whether the Bianchi identity of H and the field 
equations impose additional conditions on the existence of the various descendants we 
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have found. We shall show that^° if 

dH = , (9.1) 

and the field equations are satisfied, then for the descendants hol(V) C K X So the 
holonomy of the V-connection is a proper subgroup of the stability group of the parallel 
spinors. Since the holonomy of V reduces, the structure group of the spacetime may 
reduce as well. Alternatively, if 

dH = Q , hol(V) =K kR^ (9.2) 

and the field equations are satisfied, then the gravitino Killing spinor equations imply 
the dilatino ones, and all V-parallel spinors are Killing. So there are no descendants and 
the only backgrounds that exist are those investigated in [28]. 

To estabhsh these, we shall investigate in detail the V-parallel forms on the spacetime 
that arise as a consequence of the gravitino Killing spinor equation, dH — and the 
field equations of type I backgrounds. We shall focus first on the S'f/(4) x case. We 
shall find that the spacetime may admit more parallel forms than those that may have 
been expected from the SU{4:) x isotropy group of the Killing spinors alone. As a 
consequence, we shall show the two statements mentioned above. 



9.1 Parallel forms of SU{4:) x backgrounds 

Suppose that dH = and hoi C SU{4) x M*. To find additional parallel forms, we use 
the integrability condition of the gravitino Killing spinor equation as well the Bianchi 
identities of the R curvature. These have been summarized in appendix A. Since we 
have assumed dH — 0, the Bianchi identity gives 

1 . 

Raib,cd] = —-^aHbcd ■ (9-3) 

To proceed, set B — -\-,C — a,D — ^ in (9.3) and contract with 5"^^. Using that 
hol(V) C SU{A) K M^, e.g. Rab,^"' = 0, it is easy to see that (9.3) imphes that 

Ti=zi/+„"e+ (9.4) 

is V-parallel. Therefore if ti ^ 0, then hol(V) C SU{A). However, if we insist that 
hol(V) = SU{A) X then n = 0. 

To continue, set B ^ +,C ^ a,D ^ (3 in (9.3) and use that hol(V) C SU{A) x 
i.e. RAB,+i — RAB,ai3 — 0, then it is easy to show that the three-form 

T2 = ^i/+a^e+Ae"Ae^ (9.5) 

is V-parallel, 

VaT2 = , (9.6) 

^°This assumption is sufficient. What is required is that the term involving dH in the appropriate 
Bianchi identity in appendix A does not contribute in the calculations for the parallel forms. 
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Since there is no such form invariant under SU (4) K M^, one can only conclude that either 

the holonomy of V reduces to a proper subgroup of SU{A) X or T2 = 0. 

Next set B = a,C ^ p,D ^ in (9.3), and use that hol(V) C 5C/(4) K and 
T2 = 0, to show that 

T3 = ^//a/37e"Ae^Ae^ (9.7) 

is also V-parallel, i.e. 

Vat-3 = . (9.8) 

Again there is no such form invariant under SU{A) K M^. So either the holonomy of V 
reduces to a proper subgroup of SU (4) xM^ or T3 = 0. Insisting that hol(V) = SU (4) ixM^, 
we have to set Ts — 0. The observation that the Nijenhuis tensor of a Riemannian 
manifolds with a f/(n)-structure compatible with a connection with skew-symmetric 
torsion H, dH = 0, is V-parallel has been made in the context of supersymmetric sigma 
models in [38, 39, 9]. 

There are two additional parallel one-forms which can be found using the field equa- 
tions 

Rac^b - 2VAdB^ = . (9.9) 

Setting B = + and using hol(V) C SU{4) x M^, one can show that the one-form 

r4 = a+$e+, (9.10) 

is V-parallel. Since there is no such one-form invariant under 5*^7(4) K M*, either the 
holonomy of hol(V) reduces to a subgroup of SU{A) K or r4 = 0. 

Next set B = a, C = 13 , D = 'J in (9.3), take the trace in P, 7, and use ti = T2 = T4 = 
and hol(V) C 5C/(4) K M« to find 

Similarly set B = +,C = —^D = a in (9.3), to get that 

RA+~a = — [dAH+-a — ^A^aH+S — ClAf-H_^_0^] . (9-12) 

Substituting these into the field equations 

RAp,'^a + RA+,-a - 2Va9„$ = , (9.13) 

we find that the one-form 

r^^(2di^-ei + H+_i)e' , (9.14) 

is V-parallel. Again, since there is no such one-form invariant under SU{A) x M^, either 
the holonomy of hol(V) reduces to a subgroup of 5'C/(4) K or T5 = 0. 

For backgrounds to have precisely = 1 supersymmetry, neither T2 nor should 
vanish. As a consequence of the analysis above, hol(V) C SU{A) K and so the 
holonomy reduces to a proper subgroup of the isotropy group of the parallel spinors. 

Another consequence of the analysis above is that if dH — 0, the field equations 
are satisfied and hol(V) = S'C/(4) K M^, then all V-parallel spinors are Killing. This is 
because in such a case Ti = T2 = T3 = t^i = = which are precisely the conditions 
(3.12) that arise from the dilatino Killing spinor equation of A^ = 2 backgrounds. 
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9.2 Parallel forms and descendants 

We shall now turn to show the two statements stated in the beginning of the section. 
We will treat all cases together apart from the N — 7 descendant of M^, which will be 
discussed separately. We begin by constructing the forms Ti, T2 and T3 with respect all 
the endomorphisms /, J, L, and so on, available in each case. 

If one of these is non-vanishing, and so a descendant exists, then the holonomy of V 
reduces. This is because the invariant forms of non-compact isotropy groups X K are 
of the type 

e- Aijj (9.15) 

where ip are forms in the "transverse" directions. Since ti, T2, T3 and T4 are not of this 
type, one concludes that either the holonomy reduces or they should vanish. 

Assuming that ti = T2 = = T4 = with respect to all endomorphisms, one can 
show, using the argument we have presented above to establish that is parallel in the 
SU (4) K case, that all the differences of Lee forms 

^uii — dull — > (9.16) 

and so on, are also V-parallel. Since again these forms are not invariant under K K M^, 
either they vanish or the holonomy of V reduces to a subgroup of ii' ix M^. If they do not 
vanish, the holonomy reduces and so we have established the first statement. If they do 
vanish, and so hol(V) = K \xR^, they imply the dilatino Killing spinor equations for all 
parallel spinors. This establishes the second statement. 

One can allow the holonomy to be reduced. The pattern of reductions depends on 
the choice of parallel forms ti,T2,T3,T5 that will be allowed not to vanish. For example 
if Ti 7^ 0, but the rest are zero, then the holonomy reduces from SU{A) x to SU{4). 
Similarly if ri,r3 7^ but the rest vanish, then the holonomy reduces to SU{3) and so 
on. 

The pattern of reductions of holonomy in the other cases is more involved. For 
example, consider the Sp(2) K case. Suppose that ri 7^ 0. Then the holonomy 
reduces to Sp{2). The holonomy can remain Sp{2) even if T2 7^ 0. This is because one 
can take r2 = Aujj, where Uj is the hermitian form of the J endomorphism associated 
with this case. Therefore if one allows appropriate reductions of the holonomy group, 
many descendants may exist. 

Finally consider the N — 7 descendant of M^. The dilatino Killing spinor equations 
imply that Ti = T2 = t-^ = T4 = Tr^ = 0. So it may appear that for this descendant, the 
holonomy does not reduce. However, this is not the case because there are additional 
parallel forms which are the non- vanishing components of H^jk. In particular using (9.3), 
hol(V) C and H+ij = {de+)ij = 0, it is easy to see that the three-form 

H^'^' = ^H.jke' A A , (9.17) 

constructed from the components (8.19) is V-parallel. A direct inspection of the integra- 
bility condition reveals that if hol(V) = M*, then H'^'^^^ = and there is supersymmetry 
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enhancement to = 8. If some components of (8.19) are non-vanishing the holonomy 
reduces, i.e. hol(V) c M®. If it reduces to the identity the background preserves at least 
8 supersymmetries. This arises as a consequence of the conditions dH = R = and the 
dilatino KiUing spinor equation [32, 31]. The argument is also reviewed in section 13. 

10 The descendants of G2 

A basis in the space of parallel spinors is 

l + ei234, 615 + 62345- (10-1) 

Moreover T,{V) — Spin{2, 1) which acts with the Majorana representation on V. There 
is a single descendant background with N — 1 supersymmetry. The dilatino Killing 
spinor equation can be written as 

^(1 + 61234) =0 . (10.2) 

The stability subgroup of this spinor is given in table 13. 



N 


Stabs 


1 


M 



Table 13: The first column denotes the number of supersymmetries and the second 
column the stability subgroup of KiUing spinor in Ti{V) — Spin{2, 1). 



10.1 Geometry of the gravitino Killing spinor equation 

The condition that the gravitino Killing spinor equation imposes on the geometry is that 
hol(V) C G2, and has been investigated in [28]. This is equivalent to requiring that the 
forms 

e"*" , e~ , e- , </? , (10.3) 

are V-parallel, where (p = Re[{e^+ie^)A{e^+ie^)A{e^+ie^)]-e^A{e^Ae^+e^Ae^+e^Ae^) 
is the G2 invariant three-form. It is clear that in this case there are three V-parallel one- 
forms which we shall call collectively^^ e", a — +, — , 1. As we have already explained in 
appendix A, the associated vector fields 6^ are Killing and iaH = rjabde^. 

The geometric condition that arises from the compatibility of and (p conditions, 
see appendix A, is that 

[{de'^hV = lv"''^b^mn[iV'"''j] , i, J, A;, • • • = 2, 3, 4, 6, 7, 8, 9 . (10.4) 
^^We have underlined one direction to emphasize that it is real. 
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For this, we have used the decomposition A^(M''') = ® Af^^, where = 02- The 
remaining components of H are determined as 

H'""^ ^ -^{dip,i.ip)ip + i.dip-i.{e Aifi) , (10.5) 

where 

0^ . (10.6) 

Moreover, d denotes the projection of the exterior derivative along the transverse direc- 
tions and the -k operation has been taken with volume form rfvol = Ae"^ Ae"' Ae^A- ■ ■ Ae^. 
The geometry of Riemannian seven- dimensional manifolds with G2-structure [40] com- 
patible with a connection with skew-symmetric torsion has been examined in detail in 
[9]. For use later, a straightforward computation reveals that 

di^—Hkmn^^'^'^^ . (10.7) 

In addition, one also finds the geometric (integrability) condition 

dicip^-eAicip. (10.8) 

This is equivalent to requiring that the G2 class X2 associated with the 14 representation 
vanishes, X2 = 0. This is the only condition required for the existence of (10.5). This 
concludes the description of the geometry of the gravitino Killing spinor equation. 



10.2 Geometry of = 1 super symmetric backgrounds 

The solution of the dilatino equation is that which one derives for the Spin{7) K 
backgrounds [28] . Organizing the conditions in G2 representations, one has 

= , H+u + iH+^^if"'^ = , 

di<5 - ^Hjkm * ^""^i - \Hijk^\ - ^H^+i = . (10.9) 

Using the relation between H and established in appendix A, the above conditions 
can be rewritten as 

a+$ = , [e+, eij, - ^{de+Un^"'^ = , 

di^ - \ei - ^(rfei),fc99^^ + ^[e_, e+], = . (10.10) 

Note that can also be written in terms of the V-parallel vector fields e+,e_,ei 

as H ^1 = — (7([e_, e+], 6]^), see appendix A, but it is more convenient for simplicity of 

notation to leave it as it is in the equations. 
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There are various ways to interpret the above conditions. First observe that $ is 
invariant only under the action of one of the three Kilhng vector fields. The second 
condition is expected from the = 1 Spin{7)\xM.^ results and decomposition of spin(7) = 
02 ©A7 in 02 representations. The third condition relates the singlet in the decomposition 
of H'^^^ in G2 representations to the structure constants of and the derivative of 

$ along ei. Finally, the last condition can be thought of as a generalization of the 
conformal balanced condition. The additional terms involve the rotation of e- and the 
commutator [e_ , e+] . 

Let f) = M < e_,e_|_,ei >. If [(),()] C f), i.e. the algebra of three V-parallel vector 
fields closes, then the conditions (10.10) can be written as 

= , (de+)™„<^"^^ = , 

m - - ^{de,)jk^^\ = . (10.11) 

In such a case, the spacetime is a principal bundle over a seven-dimensional base space, 
see [28] and appendix A. There are two cases to consider. If the isometry group is 
abelian, the curvature JF~ of the principal bundle is a 02 instanton, and JF+ and J-'- take 
values in so(7). Though in the two latter cases in (10.4), {J^^)7 and (J^-)? are related 
to the covariant derivative of (p. It is clear from these that both the dilaton $ and the 
three-form bilinear cp may depend on the coordinates of the fiber and so they are not 
functions of the base space only of the principal fibration. If the dilaton is invariant 
under ei, then the singlet in the decomposition of H vanishes. 

A similar conclusion can also be reached in the case that the Lie algebra of isometrics 
is 5((2,M). One of the differences is that the singlet in the decomposition of H does not 
vanish even if the dilaton is invariant. In fact it is related to the structure constants of 
f) as it can be seen in the second equation in (10.11). 

10.3 N = 2 

The solution of the dilatino Killing spinor equation can be found^^ in [28]. It turns out 
that it can be written as 

= , ej^'icb, edi - {dea)mn^'^''i = , e+_i = 1 , 
^H,,kp>'^'' + = , - = . (10.12) 

The dilaton is invariant under all the three Killing vector fields. Moreover all {de'^j)r 
are related to the commutator eJ"^{[Xh, Xc])i. In the case that the algebra of the three 
isometrics closes, JF" takes values in Q2 and so the principal bundle connection is a 02 
instanton. The geometry has been investigated in detail in [28] and we shall not explain 
this further here. 

^^In [28] , the solution has been organized in this way only for the case that the algebra of isometries 
closes. 
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The N — 1 and N — 2 differ. It is clear tfiat tfie conditions tfiat arise from the 
dilatino KiUing spinor equations in the two cases are not the same. The main differences 
he in the conditions on de% and whether the dilaton is invariant under the isometrics of 
the backgrounds. 

10.4 Reduction of holonomy 

Reduction of the holonomy group can happen in backgrounds with both = 1 and 
N = 2 supersymmetry. This is unlike the non-compact case where we have shown that 
the Bianchi identities and the field equations force a reduction of the holonomy only for 
the descendants. We shall again use the Bianchi identities to find the additional parallel 
forms on the spacetime. 

To begin, suppose that dH = 0. It has been shown in [28] that either [[),[)] C f), 
where f) = M < >, a = — , +, 1, or the holonomy of hol(V) C G2- This is because^^ 
if dH — 0, then the commutator of two V-parallel vector fields is V-parallel, see [28]. 
Thus either [(),()] C f) or there is an additional linearly independent vector field which is 
V-parallel and so hol(V) C G2, i.e. the holonomy reduces. This can also be shown using 
the Bianchi identity (9.3), see also appendix A. 

Applying the Bianchi identity (9.3) for B = a, C = b, D = c, we can show that Habc 
are constant. In addition contracting the Bianchi identity (9.3) for B — i, C = i, D — k 
with the </?, and using the condition that hol(V) C 6*2, i.e. 

RAB,aD = RAB,ij^'\ = , (10.13) 

one can also show that Hijk^p^^^ is constant as well. 

Using (10.13) and the Bianchi identity (9.3) iox A — a, B = i,C = j, one can show 
that the Lie-algebra valued one-form 

Tl^\del^'he\ (10.14) 

is V-parallel. Since rf are hnearly independent from e", either vanishes or the holon- 
omy of V reduces to a subgroup of G^- Observe that rf is the 7-dimensional component 
of de"" in the decomposition of two-forms in G2 representations. 

Substituting i? = a in the field equations (9.9) and using hol(V) C G2, it is easy to 
see that 

T2 = da^e'' (10.15) 

is V-parallel. Since are V-parallel as well, this implies that = Va are constant. 
Next write the G2 holonomy condition as 

■^RAB,kl * — RAB,ij ■ (10.16) 

Setting B = m, contracting m and i, using the field equations (9.9) and the Bianchi 
identity (9.3), we find that 

n = {2di^ - ei)e' (10.17) 
^^In fact a necessary is for H to be invariant. 
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is V-parallel. Since this one-form is linearly independent from e" either T3 = or 
hol(V) c G2 and so the holonomy reduces. 

First consider the consequences of the above V-parallel forms in the N = 2 back- 
grounds. If one insist that hol(V) = G2, then the field equations and dH = imply 
all the conditions (10.12) that arise from the dilatino Killing spinor equation apart from 
— Va — and Hij^^p'^^^ = if 1^ is abelian, or Hij^cp^^'^+dH^+i = if is non-abelian, 
respectively. (In the non-abelian case a simple argument implies that Va — 0.) This is 
unlike the non-compact case, where under the same assumptions the gravitino Killing 
spinor equation implies all the conditions of the dilatino Killing spinor equation for the 
N — L backgrounds. 

Next consider the apphcations of the additional parallel forms in N — 1 backgrounds. 
If either [[),[)] ^ f) and/or rf 0, then hol(V) C G2 and so the holonomy reduces. 
However, unlike the non-compact cases, there may be backgrounds with N = 1 super- 
symmetry and hol(V) = G2- For example take [) abelian, = and 12vi — Hijk^p^^'' = 0. 
This is a linear dilaton background. 

11 The descendants of SU{3) 

A complex basis in the space of parallel 5'C/(3)-invariant spinors V is 

1, ei5. (11.1) 

In this case E(7') = Spin{3,l) x U{1), where Spin{3,l) = SL{2,C) acts on V with 
the Majorana spinor representation and U{1) is generated by |(r^^ + F^^). The generic 
orbit of S(P) on V is of co-dimension one. To see this observe that the generic orbit of 
Spin{3, 1) on P is of co-dimension two and so one can choose 

e = Ai(l + 61234) +iA2(l- 61234) , Xj + Xl^l. (11.2) 
Moreover U{1) rotates the two spinors that appear in the expression above. So 

e = Ai(l + 61234) . (11.3) 

It is straightforward to choose the Killing spinors in all cases. For this observe that 
E(M < 1 + 61234 >) = {Spin{l, 1) X U{1)) x -yVe simply state the results in the 
appropriate sections. The stability groups of the Killing spinors are summarized in table 
14. 



N 


Stabs 


1 


U{1) X R2 


2 


M^{l} 



Table 14: The first column denotes the number of supersymmctries and the second 
column the stability subgroup of Killing spinor in E(P) = Spin{3, 1) x U{1). 
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11.1 Geometry of the gravitino Killing spinor equation 

The gravitino Killing spinor equation implies that hol(V) C SU{3). This is equivalent 
to requiring [28] that the forms 

e" , u = uji = -e^ A e'' - A - e'^ A , 

X = {e^ + le') A {e^ + le"") A (e^ + le") (11.4) 

are V-parallel, where a = +, — , 1, 1. So there are the four V-parallel vector fields and six 
transverse directions. In this case, is spanned by (2,0) and (0,2) forms with respect 
to /, and uj in A^(M^). As we have explained in appendix A, H^^j, i,j = 2,3,4,7,8,9, 
is determined both by de" and the Levi-Civita covariant derivative of the remaining 
parallel forms. The compatibihty between the different ways of expressing H leads to 
the geometric conditions 

(deafer'' = -lMVaUj)h 
{dea)iiJ^ = ^(V„Rex)feifc,fe3lnix'=^*^^'=^ . (11.5) 

Moreover 

H'^^ = -iidw -2J\f^ ★cL - ★(^^ Auj)+J\f , (11.6) 
where 0,^ = — -k [-kdcu A lu) . One also finds the additional geometric constraints 

W2^o, e^^0^,^, (11.7) 

where again the vanishing of the Gray-Hervella class W2 implies that the Nijenhuis 
tensor J\f is skew symmetric, and ^Re^ — {-kdRex A Rex) is the Lee form of Rex. 
The geometry of six-dimensional Riemannian manifolds with an SU (3)-structure [18] and 
compatible connection with skew-symmetric torsion have been extensively investigated, 
see [1, 2, 7, 12, 8, 13, 15, 16, 17, 20, 21]. The equality of the two Lee forms can also be 
expressed in SU{3) classes as W4 = W^. 

It has been explained in [28] if [[), [)] C t), where f) = M < Ca >, then f) is either 
abehan, M u(l), M ® 5u(2), u(l) ® s[(2, M), or a pp-wave algebra. This concludes the 
description of the geometry of the gravitino Killing spinor equation. 

11.2 N=l 

In this case the dilatino Killing spinor equation is 

^(1 + 61234) = . (11.8) 

The solution of the dilatino Killing spinor equation decomposed in SU (3) representations 
is 

a+$ = , i/+n + i^+n" = , - i^+i^ + \H+^,eP\ = , 
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o 2 2 

^n* + \H^pqe^\ - ^Hnp" - \h^ii - \h_+^ ^ , (11.9) 

where p,q,n = 2, 3, 4. The dilaton is invariant under the e+ isometry of the spacetime 
but not necessarily the rest. The remaining conditions can be interpreted in different 
ways. For example observe that the above condition implies that 

de' e spin(7) C so(8) • (11.10) 

Alternatively, they can be seen as relating the structure constants and commutators of 
the Killing vector fields to the 5U*^3)-'- components of de~ . In particular (11.9) can be 
rewritten as 

9+$ = , //+n - '^{de+hcu'^ = , [e+, ei]^ + ^(de+)p,e^^^ = . 

dfi^ + ^{dei)pgeP''n - ^dn + ^[ei, ei]^ + ^[e_, e+]^ = . (11.11) 
If [f), f)] Q f), then one finds that 

= , ff+n - '-{de+hjoo'^ = , {de+f''' = . 

9^$ + ]^{de^)p,e^\ - ]^{e^)n = . (11.12) 

It is clear from this that although C^uj = this is not the case for the rest of the parallel 
vector fields. In addition in all cases CaX 0) unless i) is abelian in which case C+x = 0- 
This is in agreement with results in the maximal SU{3) case. Observe that even if one 
sets — 0, the geometry of the Killing spinor equations is different from that of the 
= 4 case in [28]. 

11.3 N=2 

The dilatino Killing spinor equation is either 

^1 = 0, (11.13) 

with Stabs (1) = ^'^ or 

^(1 + ei234) = , ^(ei5 + 62345) = . (11.14) 
with Stabs(l + 61234, 615 + 62345) = {1}. So there are two cases to consider. 
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11.3.1 ^1 = 

The solution of the dilatino Kilhng spinor equation ^1 = is 

<9+$ = , H^il + H^n^ = , H+in = H+mn = -f^lmn = H^pq = , 

- - = , - ^H^/ - ^H^n - \H-+n = , (11.15) 

The dilaton is invariant only under the isometries generated by e+. The above conditions 
imply that 

= , [e+, ei]„ = , (cie-)2'0 = , (ciey-" = , 

- '^-{de+)ij = , Mjk = , + ^-{dei)ijJ^ - \h_+i = , 

dn^ - \%)n + \[eu ei]n + \[e-, e+]^ = . (11.16) 

The difference between N — 1 and N — 2is the vanishing of J\f and the restriction on de^ 
to be a (2,0)-form. Again 7^ 0. In particular, Wi — W2 — for these backgrounds. 
If [b) ^)] ^ ^) the last condition is modified to 

-^en = 0. (11.17) 

11.3.2 ^(1 + 61234) = ^(ei5 + 62345) = 

The solution of the dilatino Killing spinor equation in this case is 

— hi In g npqt g/7jjpqfc , 

tr _ \ cPI. TJ -_ .Iff cPI- 

+P^ " ' — In 2 ^'^ " ' 

H — \-n + Hllf^ — —HipqS^'^fi + --/^Ip^C^^n ; 

- ^i/np,e"^^ + ^Hnpge^P^ = , 

- ^Hn/ - \HipqeP\ + = . (11.18) 
The conditions can be rewritten as 

a+$ = a_$ = = , yj^'H^.a - \ {deahuj'^ = , a = +, - 

1 1 

[e^,e+]n + [ei,ei]n = + dei)pqe^'^n , 

+ ^Mjklmx''" = , dn^- ^ie^)n + ^{de, - (^ei)p,e^^^ = .(11.19) 
The dilaton is invariant under the three out of four isometries of the background. 
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11.4 N=3 

The dilatino Killing spinor equation is 

A{ei5 + 62345) = , ^1 = 0. (11.20) 
The solution to the dilatino Killing spinor equations is 

- = = , H^u + i^+„" = , H_u - H_^^ = , H_+i + = 

H—\fi — —H—pq6^'^fi , H^iji — Hj^pq — , Hpqn — H\pq — , 
1 11 

These conditions can be rewritten as 

= , ^ea'^'H,^ - lideahoj'^ = , {de-f'"^ = {de'f^" = , 
J^ijk = , [e_, ei]n = ]^{deJ)pqeP'^n , [e~, e+]n + [ei, ei]n = -^{dei)pqe'"^fi , 
[e+, ei]n = , dn^- ^{9^)n - \idei)pqeP''n = . (11.22) 

Observe that if (c?e+)^''^ = {de^)"^'^ = 0, then the = 3 backgrounds admit an addi- 
tional supersymmetry and so they admit four supersymmetries. We can show this by 
comparing the conditions above with those of A*" = 4 backgrounds stated below. The 
same conclusion holds if [P), P)] C I). 

11.5 N=4 

The solution to the dilatino Killing spinor equation given in [28] can be summarized as 

= , ^^eab'^H^ai - HabjPi = , 9^$ - = . (11.23) 
In turn, these can be rewritten as 

A/-«. = 0, l.J-M.-M,I'. = 0, a.«-i<». = 0. (11.24) 

The case that has been investigated in detail in [28] is that for which the algebra of four 
isometrics closes. We shall not expand on this further here. 

11.6 Reduction of holonomy 

As in the G2 case we have already investigated, we take that dH = 0, hol(V) C SU{3) 
and use the field equations to identify the additional V-parallel forms. As has been 
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shown in [28], and elaborated on in the G2 case, either [f), f)] C f), f) = M < ea >, or the 
holonomy of hol(V) c S'C/(3). This is because the commutator of two parallel V-vcctors 
is V-parallel. Similarly, one can show that Habc a-re constant and they can be identified 
with the structure constants of 1). 

Applying the Bianchi identity (9.3) ior B — a,C — p, D — q, contracting it with S^^ 
and using the condition that hol(V) C SU{3), i.e. 

RAB,aC = , Rab/ = , (11.25) 

one can also show that 

Ti=ii/„,«e" (11.26) 

are V-parallel. Since e" are also V-parallel, ii?ag^ — '^a are constants. Similarly one can 
show that 

T« = ^//%,e^Ae^ (11.27) 

are also V-parallel. In this case, either r2 = or hol(V) C SU{'i). 

Next applying the Bianchi identity (9.3) foi B = p,C = q, D = n, one can show that 

T3 = ^Mpqn A e« A e" = e^' A e« A e" , (11.28) 

is V-parallel, see [38, 39, 9] for the properties of the Nijenhuis tensor of Riemannian 
almost complex manifolds with compatible V-connection. Since Rex and Imx are also 
(3,0) and (0,3) and V-parallel, 

T3 ^ Af ^ aRex + blmx , (11.29) 

for some constants a, 6 G M. 

Using similar arguments to those we have made for the G2 case, one can also show 
that 

T^^da^e" (11.30) 

and 

n = {2d,<!>-{e^),)e' (11.31) 

are V_parallel. Since e"" are also V-parallel, — Va are constants. Similarly, either 
Ts = or hol(V) C SU{3). 

The implication that these additional parallel forms have on the N = L = 4 super- 
symmetric backgrounds is as follows. It is clear that in this case the conditions dH — 0, 
hol(V) = SU{3) and the field equations are not sufficient to imply the dilatino Killing 
spinor equations from the gravitino ones. For this to be the case, one has to impose in 
addition T3 = T4 = and relate ri to the structure constants of i). 

The condition hol(V) = SU{3) imposed on the = 3 descendant implies enhance- 
ment of supersymmetry to A" = 4. Backgrounds with N — 3 supersymmetry may exist 
but these require reduction of the holonomy. On the other hand backgrounds with N — 1 
and N = 2 supersymmetry may exist even if hol(V) = SU{3). For example, these can 
be linear dilaton backgrounds. 
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12 The descendants of SU{2) 

A (complex) basis in the space of parallel spinors with Stab(ei, . . . , eg) = SU{2) is 

1 , ei2 , ei5 , 625 ■ (12.1) 

The subspace V in spanned by the above spinors can be identified with the posi- 
tive chirality symplectic Majorana-Weyl representation Ag* of Spin{5, 1). To see this, 
first observe that Stab(P) = Spin{5, 1) x Spin^A), where the Lie algebra of Spin{5, 1) 
is spanned by Clifford algebra directions 0, 5, 1, 6, 2, 7 and the Lie algebra of Spin{A) = 
SU (2) X SU (2) is spanned by the Chfford algebra directions 3, 4, 8, 9. In addition we have 
Stab(ei, . . . , eg) = SU{2) C Spin{A) C Stab(P), so S(P) = Stab(P)/Stab(ei, . . . , eg) = 
Spin{5, 1) X SU{2). It is known that Spin{5, 1) = SL{2,M.) and that Spin{5, 1) does not 
admit Majorana-Weyl representations. However, it admits symplectic Majorana-Weyl 
representation after twisting with SU{2), i.e. taking two copies of the positive chiral- 
ity (complex) Weyl representation and imposing a symplectic reality condition. This 
reality condition is precisely that inherited from the reality condition of the Majorana- 
Weyl spinors of Spin{9, 1). In the explicit basis (12.1) of V, one can show that 
the Lie algebra su(2) of the SU{2) subgroup of S(P) can be identified as su(2) = M < 

,r32,i(r35 + r44)>. 

One can similarly examine Q which is required for investigating the normal spinors 
to the Killing spinors. In particular, one can show that Q = Ag*, where Ag^ is the 
negative chirality Majorana-Weyl symplectic representation of Spin{5, 1). Furthermore, 
S(Q) = Spin{5, 1) X SU (2). The N = 8 supersymmetric backgrounds have already been 
investigated in [28] . These are the backgrounds for which all parallel spinors are Killing. 
So it remains to investigate the backgrounds with N < 8. For 4 < A?" < 8, we shall use 
S(Q) to choose directions for the normal spinors while for 1 < < 4, we shall use S(P) 
to choose directions in the space of parallel spinors. We shall not elaborate on the choice 
of normals to the Killing spinors for A" > 4 because it follows directly from the choice of 
Killing spinors for N < A. So we shall simply state the dilatino Killing spinor equations 
in each case. The stability groups of the Killing spinors are summarized in table 15. 



A^ 


Stabs 


1 


iSU{2) X SU{2)) X 


2 


([/(I) X SU{2)) X M^ U{1) X U{1) 


3 


SU{2) K M^ U(l), {1} 


4 


SU{2) K M^ C/(l), {1} 



Table 15: The first column denotes the number of supersymmetries and the second 
column the stability subgroup of Killing spinor in X1(P) = Spin{5, 1) x SU{2). 

12.1 Geometry of the gravitino KiUing spinor equation 

The condition that hol(V) C SU{2) is equivalent to requiring that the forms 

e« , a;j = -(e3 Ae^ + e^Ae^) , cuj + ic^^ = (e^ + ie^) A (e^ + ie^) (12.2) 
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are V-parallel, where a — +,—,1,1,2,2. As in previous cases, laH — {dta) and in 
addition one has that 

{dea)iju;y = {VaUJj)ijUj'i , (12.3) 
where i,j — 3, 4, 8, 9. Furthermore, one finds that 

^rest ^ -ijduj = -ijdUj , 

Af{I)ijk = ^f{J)iJk^O. (12.4) 

The geometry of Riemannian four- dimensional manifolds with an SU{2)- structure and 
compatible connection with skew-symmetric torsion has been extensively investigated, 
see [22, 1, 24, 5]. As in previous cases, we define I) — R < Ca >, and for the descendants 
[f), f)] ^ f). However if we demand [1^, 1^] C f), f) is a Lorentzian (5-|-l)-dimensional Lie 
algebra. These have been classified and the have been found to be 

M©^u(l), M©^u(l) ©su(2) , sl(2,M) ©■^u(l) , 

S[(2,M) ©^5U(2) , ctt)4©^u(l), Ctt)6 , (12.5) 

where ctt)„ denote pp-wave algebras of dimension (n — 1) + 1. For = 8 backgrounds, 
the dilatino Killing spinor equation implies that [[),[)] C [) and [) is self-dual. These have 
been shown in [45] to be isomorphic to M ©^ u(l), sl(2,M) ©5u(2) and ctDe- 



12.2 N=l 

The group action of E(P) = Spin{5, 1) x SU{2) on V can be most easily described 
in terms of quaternions. First identify V — M.'^. Then Spin{5, 1) = 5'L(2,EI) acts on V 
from the left with quaternionic matrix multiplication while SU (2) acts with quaternionic 
multiplication from the right, i.e. 

X — >Lxa, xeV, LeSL{2,M), a E SU(2) ^ Sp(l) (12.6) 

where a is the quaternionic conjugate of a. It is easy then to see that S('P) has a single 
orbit in V of codimension zero. The stability subgroup is {SU{2)l x SU{2)ji) x M^. So a 
representative can be chosen as 1 + 61234. In turn, the dilatino Killing spinor equation is 

^(1 + 61234) = . (12.7) 

The solution has been given in (3.9), and the conditions can be interpreted in a similar 
way. A different way of organizing the conditions is in terms of SU{2) representations. 
This allows to compare the results with the A" > 1 cases. In particular, we find that 

9+$ = , i/+n + i/+22 + {de+)n" = , - H+r2 + i(cie+)^„e'"" = , 
[e+, ei]fi - [e+, e2]r„e'"n = , 

^1$ - i(o?e2)„n6'"" - ^(c^ei)„- - ^Hi22 - \h.+i = , 
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1111 
dfi^ - [ei, e2]me"'n + esjn + ei]n + 2[e-' ^+\n - -j{^uji)n = , (12.8) 

where m,n — are Hermitian indices. It is clear that even if we take [[),[)] C {),[) is 
not necessarily a self-dual Lie algebra. In fact there is not a condition on the structure 
constants of i). The rotation rfe" of the V- vector fields is also not restricted an a priori 
to lie in some subalgebra of 50 (4). The dilaton is invariant only under e+. 

12.3 N=2 

12.3.1 Killing spinors 

The first Killing spinor ei can be chosen as in the N — 1 case above, €i — e— 1 + 61234. 

To continue, wc shall first explain how the Stab(e) = {SU{2)l x SU{2)r) ix acts on 
V/IC, where /C = M < e >. First identify /C with the real axis in one of the quaternionic 
subspaces of P = and write P = M < 1 + 61234 > ©ImH © H. Thus we can set 
V/]C = ImM e M. Then SU{2)l x SU{2)r acts as 

(x, y) (axa, bya) , x e ImH , y G H , a e SU{2)l , b e SU{2)ji . (12.9) 

In addition the subgroup acts with null boosts on V with fixed point set M < I+61234 > 
©ImH. In the explicit basis for V in (12.1), su(2)l = R< T^^+r^^, T^'^+T^~\ Krii+r^^- 

^33 _ ^44) ^ ^^2)k = m < ri2, ri2, i(rii - r22) > and = m < r-^, r-^, r-^, r-^ >. 

In addition, ImH = M < i(l — 61234), (612 — 634), i(6i2 + 634) > and H is spanned by the 
rest of the basis. 

To continue first observe that E(A:) = {Spin{l, 1) x SU{2)l x SU{2)r) k R"^, where 
Spin{l, 1) is generated by F""*". S(/C) has two types of orbits on V/IC. One has codi- 
mension zero in ImH and the other has codimcnsion zero in V/IC. To see this, consider 
the orbits of SU{2)l x SU{2)ii in ImH © H. There are three type of orbits. One orbit 
is an contained in ImH with stability subgroup U{1)l x SU{2)]i, another is an 
contained in H with stability subgroup {SU{2)l x SU{2)r)/ SU{2) = SU{2) and the 
third is a codimension two {SU{2)l x SU{2)r)/U{1) orbit in ImH©H. The latter orbit 
has representatives which have non- vanishing components in both ImH and H subspaces. 
However one can show that such a representative lies in the same orbit of S(/C) as that of 
the S'^ using an transformation. This can be easily seen by choosing the representative 
of the third orbit as 

iAi(l - 61234) + A2(6i5 + 62345) , Ai, A2 7^ . (12.10) 

Clearly an transformation along the F~^ direction will transform a representative 

along 615 + 62345 to the representative above. Thus S(/C) has only two orbits, one with 
stability subgroup {U{1)l x SU{2)r) x and the other stability subgroup SU{2) in 
S(Ar). Therefore there are two choices for the second normal spinor each associated with 
the two orbits. Thus we can choose either 

62 = ^(l - 61234) (12.11) 
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which hes in ImH, or 

62 = (ei5 + 61235) (12.12) 
which hes in H. So there are two dilatino Kilhng spinor equations to consider. 



12.3.2 ^1 = 

The solution of this Kilhng spinor equation has been given in (3.12). Decomposing the 
solution in SU (2) representations as in the = 1 case, one finds, 

5+$ = , H+12 = , [e+, ei]„ = [e+, e2]n = [ei, e2]n = , 
{de+)mn = {dei)mn = {de2)mn = , if+n + i?+22 + (c^e+)„" = . 

- ^(dei)„" - ^//i22 - \h_+i = , d-2^- \{de-2y - ^i/^ii - \h-+2 = , 
dn^ + ^[62, esln + ^[ci, 61]^, + ^[e_, e+]n - ]^{9^,)n = . (12.13) 

In general [i), I)] ^ f). Moreover e u(2) and de^,de'^ e u(2) A°'2(C^) and de+ e 
so (4). The rotations can be restricted further if for example f) is abelian. The dilaton is 
invariant only under e+. 

12.3.3 ^(1 + 61234) = ^(ei5 + 62345) = 

The solution of the latter is given in [28], see also (10.12). Expressing it in SU{2) 
representations, one finds 

9+$ = = = , H+n + H+22 + {de+)n'' = , H^n - H+22 - (c?e_)„" = , 
+ H122 + {dei)^^ = ~{de2UeP'' - ^(^62)^6^"^" , 

H+12 = -^{dG+)pq^^'^ 1 [6+,6i]fi = [6+, e2]pe^ji , 

H-12 = ~{de-)pqe^'^ , [e_, ei]^ = -[e_, 62)^6^^^ , 

-f/"_+2 + -f^ii2 = ^(c?6i)pge^* + ^(rfei)p<,e^^ , [e_, e+]n + [ei, eij^j = [ei, e2]p e^f, + [ei, 62]^ e^n , 

^1$ - \{de2Ue^'^ + ^((^62)^6^"^" = , ^2$ - \{,de-2)/ - ^(c^ei)p,e^^ + ^(^61)^,6^"' = , 

1 1 11 

dn^ + -[ei, 62)^6^ - -[ei, e2]pe^'^i + -[e2, egjn - 2 (^'^z)" = ■ (12.14) 

There is no apparent restriction on the rotations de"" unless \) is abelian in which case 
(ie+, de~ , de- e su(2). The dilaton is invariant under e+, e_ and Ci V-parallel vectors. 

12.4 N=3 

12.4.1 Killing spinors 

There are two cases to investigate depending on the choice of the first two Killing spinors. 
These lead to different results, so they will be examined separately. 
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Suppose that ei — 1 + 61234 and €2 — i{l — 61234) and /C is spanned by these two 
spinors. After some computation one can show that Stab(/C) = {Spin{l, 1) x Spin{2)L x 
Spin{2)R X Sp{l)) X R*. To see how this acts, first write V/IC = M^ffiH. Then the action 
of the subgroup Spin{2)L x Spin{2)ji x Sp{l) is 

{x,y) — > {Lx,ayR'^) , L e Spin{2)L , a e Sp{l) , R e Spin{2)R . (12.15) 

In particular in the basis (12.1), sp(l) = M < Kr^^ - V'^'^) ^T^^^ X^"^ >, spin(2)L = 
M < |(rii + r22) >, spin(2);^ = M < |(r33 + r44) >^ Spin{l,l) acts with boosts 
in the r_+ direction and = M < r~^, T^^ >. In addition, = M < 

ei2 — e34,i(ei2 + 634) > and H spans the rest of the directions. Observe that both 
Spin{2)i and Spin{2)ji act on /C. There are two type of orbits of Stab(/C) in "P/ZC, 
one is co-dimension zero in R? and the other is codimension zero in V/IC. To see this, 
observe that the orbit of Sp{l) in H is an sphere and that Spin{2) l x Spin{2)ji x Sp{l) 
has three types of orbits in V/JC. However, the representatives of two of the orbits are 
related by an M'' transformation as in the N = 2 case. Choosing representatives for the 
two orbits of Stab(/C) in V/K. the third Killing spinor can be chosen either as 

63 = ^(612 + 634) (12.16) 

or as 

63 = 615 + 62345 ■ (12.17) 
Consequently, the dilatino Killing spinor equation becomes either 

Al = ^(612 + 634) = (12.18) 



or 



Al = ^(615 + 62345) = (12.19) 

respectively. 

Next suppose that ei = 1 + 61234 £2 = 615 + 62345 and that fC is spanned by these two 
spinors. It turns out that Stab(A:) = SL{2,R) x SO{3), and SL{2,R) = Spin{2, 1) acts 
on /C with the two-dimensional representation. To see how this group acts onV/lC write 
P//C = © M^. Then we have 

(x,y) — ^ (Ox, Oy)L-^ O e 50(3) , Le5L(2,M). (12.20) 

In the basis (12.1), we have that^^ si{2,R) = R < r-+,r+i,r-i >, so(3) = R < 
|(r33 + _ 2r22), _ _ _ _ r-^^ >^ and one of the R^ subspaces is 

spanned by = M < ^(65 — 612345), 6125 — 6345, ^(6125 + 6345) > and the other by the rest 
elements of the basis. 

^^F- denotes the gamma matrix along the real direction 1 to distinguish it from that the complex 
direction 1 used for the generators of 50(3). 
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To find the orbits of Stab(/C) consider the invariant 

/ = xV-(x-y)' , (12.21) 

where x ■ y is the Euchdean inner product of x and y, x^ = x ■ x, and similarly for y. If 
J 7^ 0, there is a co-dimension one orbit {SL{2,R) x S0{3))/ S0{2) represented by two 
non-colinear non-vanishing elements x and y. If / = 0, then either y = or x = or x is 
colinear to y. In the first two cases, the orbits are codimension zero in the first subspace 
or the second subspace W^, respectively. The latter case is not independent because 
there is always an SL{2, M) transformation to transform ±(x, x) to an element in one of 
the two M'^ subspaces of V/IC. Therefore there are three types of orbits to consider and 
the representatives can be chosen as 

63 = i(l - 61234) , (12.22) 

or 

es = i{ei5 - 62345) , 

or 

63 = i(l - 61234) + (625 - 61345) • (12.24) 

In the latter case we have used the freedom to choose the overall scale of the Killing 
spinor to be one. 

To give the independent Killing spinor equations, observe that ei = 1 -|- 61234, 62 = 
ei5 + 62345, 63 = i(6i5 - 62345) and ei = 1 + 61234, 62 = «(1 - 61234), 63 = 615 + 62345 are 
related by a Spin{9, 1) transformation. Consequently, two of the above three case are 
related to the two cases described before. Thus the only additional independent dilatino 
Killing spinor equation is 

^(1 + 61234) = ^(615 + 62345) = ^[^(1 - 61234) + 625 - 61345] = . (12.25) 
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12.4.2 Al = A{ei2 + 634) = 

The solution can be found in [28] and it can be re-expressed in SU (2) representations as 

9+$ = , = + H+22 = , [6+, 6i]„ = [6+, 62]n = [6+, 62]^ - [6+, 6i]pe*'fj = , 

[61, 62]n + [61, 6i]pe^'„ + [62, 62]pePn = , [61, 62]^^ = , 

{de+)pg = {de+)n^ = , {dei)nrh = {de2)nm = , 
^(c?62)n^e^- + {deiU"^ = , - ^(d6i)^^e^- + {de-2)m'^ = , 

dl^ + ^(d62)^^6^^ - ^H22l + \h^-1 = , 

d-2^ - -^{de,)^^e^^ - ^Hu2 + \h^--2 = , 

dn^ + ^[6i, e2]pe\ - ^[6+, 6_]^ - ]^{e^)r, = . (12.26) 
The dilaton is invariant only under the action of 6_|_, and de~ e su(2). 
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12.4.3 Al = A{ei5 + 62345) = 

The solution can be easily found by combining (10.12) with (3.12). Expressing the 
conditions in SU{2) representations, one finds 

a+$ = a_$ = ^1$ = , H+n + H+22 + {de+)n'' = , 
H-u - //_22 - (c^e_)„" - , + //122 + ((iei)„" = , 

H^i2 = -7^{de-)pqe^'^ , [e_,ei]n = -[e_,e2]pe^n , 

iJ+12 = , [e+, ei]n = [e+, e2]„ = [ei, 62]™ = , {de+)pq = {de2)pq = {dei)pq = , 
H-+2 = -^idei)pqe'"^ - ifgii , [e-, e+]n = [ei, Cajpe^^^ - [ci, ei]^^ , 

d-2^-l{de-2)pP-^{dei)pqeP^^0, 

+ ^[62, e-2]n + ^[ei, e2]pe\ - ^{9^)n = , (12.27) 

The anti-self dual part of rfe", for a = — , +, 1 i.e. the (2,0) + (0,2) and hermitian trace, is 
entirely expressed in terms of the structure constants of f). Therefore if f) is abelian the 
de~ , de^, de^ take values in su(2). The dilaton is invariant under four of the six parallel 
vectors. 

12.4.4 ^(1 + 61234) = A{ei5 + 62345) = - 61234) + 625 - 61345] = 

The solution of the first two conditions can be found in (3.12). The third condition is new. 
The solution of the dilatino KiUing spinor equations expressed in SU (2) representations 
is 

a_$ = a+$ = ^1$ = ^2$ = , 

([ei, 62]™ + [ei, e2]ni)e"'n = [e-, e+]n + [ci, ei]n , 

([ei, egjp - [ei, e2\p)ePn = -[ei, ei]n + 63]^ + 2i[6+, 63]^ , 

i([e_, 62]™ - [e-, eijpe^^) = 2[ei, e2]pe^^, , 

[e+, ei]^ - [e+, e2]„e"^ = [e_, ci]^ + [e_, e2]ne"m = , 

e^"'{de+)mn — 2i?+i2 , {de+)n^ — — iJ+n — i?+22 , 

e"'"((ie„)m„ = —2H_i2 , {de_)n"' = H_ii — H_22 , 

(dei)„" = -H_+i - H122 + ^^^-12 - iH_i2 , 

(dei)„„e"^" = -^i^-ii + ^i/_22 , (rfei)„,„e"^" = 2i/_+2 + 2i/2ii + ^i^-ii - ^^^-22 , 
e""'{de2)ran — —i{H_i2 — H_i2) , (rfe2)n" = —H_^2 — H211 — iH_ii + iH_22 , 
e'"''{de-2)mn = -2//_+i - 2H122 + i{H.i2 - ^-12) + 4i//+i2 , 

9ri$ + 2 h, esln + 2 [^1' ^1]" + 2 ~ 2 ~ ^2]"^^"'*^ = ^ ■ (12-28) 

The anti-self dual part of de"" is entirely expressed in terms of the structure constants of f). 
The dilaton is invariant under all parallel vector fields. Observe that if i) is abelian, then 
the above conditions are the same as those that one can derive from the dilatino Killing 
spinor equation of A?" = 8 backgrounds [28], see also (12.59). So the supersymmetry 

enhances to-^^ N = 8. 

^^Note that this case, together with the subsequent cases where requiring f) to be abehan imphes 
N = 8, are exactly those which have Stabs = 1- 
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12.5 N=4 



12.5.1 Killing spinors 

To begin, suppose tliat ei = 1 + 61234, €2 = i(l — 61234), 63 = i(6i2 + 634) and tliat /C 
is spanned by these three spinors. Then, Stab(/C) = {Sp{1)l x 5*^(1)^ x Spin{l, 1)) x 
Writing V/JC = M H, the subgroup Sp(1)l x Sp(1)r acts only on M as |/ ^ 
ayb, where a G Sp{1)l and b e Sp{1)r. In the basis (12.1), sp(1)l = M < |(r^^ - 

r22), ri2, >, sp(i)k = m < Kr^i + r^^ - r^^ - r^^), r^^ _ r^^, r^^ _ r^a ^ ^^^^^^^ 

is generated by boosts along F"*"" and the Lie algebra of is generated by M"^ = M < 
r~^, r~^, r~^, >. in addition if the subspace M oiV /K, is chosen along the ^(612 + 634) 
direction, H spans the rest of the directions. Using a similar argument as in previous 
cases, it is easy to see that Stab(/C) has two types of orbits inV/JC one has codimension 
zero in R and the other has codimension zero in V/JC. So the forth Killing spinor can 
be chosen either as 

64 = 612 - 634 , (12.29) 

or as 

64 = 615 + 62345 ■ (12.30) 
So the dilatino Killing spinor equation is either 

Al = Aeu = (12.31) 

or 

Al = A{eu + 634) = A{e,5 + 62345) = (12.32) 

Next suppose that ei = I+61234, 62 = ^(1— 61234), 63 = 615+62345 and that /C is spanned 
by these three spinors. It turns out that Stab(/C) = (f/(l) x f/(l) x Spin{l, 1)) x R^. In 
the basis (12.1),u(l)©u(l) = M< {{T^'^ -T^^ + T^'^ + T^~^), ^{T^~^ + T^'^) >, Sptn{l,l) is 
generated by the boosts r+- and is generated by T'^, T"^. Writing V/IC = M^eM^eM, 
where the former is spanned by 612 — 634,^(612 + 634), and the latter is spanned by 
625 "~ 61345) "^(625 + 61345) and M by the remaining direction. Each U{1) acts on a 
with the two-dimensional representation. There are several types of orbits which can be 
represented by 

64 = i(6l2 + 634) , (12.33) 
64 = i(6i5 - 62345) , (12.34) 

64 = i(6i2 + 634) + i(6i5 - 62345) (12.35) 

and 

64 = cos (p{e25 - 61345) + i sin (p{ei5 - 62345) (12.36) 
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Only the latter three choices give independent new cases. The dilatino Killing spinor 
equations are 

Al = Aei5 = , (12.37) 
Al = A{ei5 + 62345) = A{ei2 + 634 + (ei5 - 62345)) = , (12.38) 

Al = A{ei5 + 62345) = ^(cos ip{e25 - 61345) + i sin (fi{ei5 - 62345)) = , (12.39) 

Suppose that ei = 1 + 61234, £2 = 615 + 62345, £3 = ^^(1 - 61234) + 625 - 61345 and that 
/C is spanned by these three spinors. One can show that Stab(/C) = SO (3) and acts 
onV/fC with the symmetric traceless product of the vector representation. In the basis 
(12.1), so(3) ^R<ti,t2, [h, t2] >, where 

4^ V2 
^ lr2rii + 4r22 - _ r^^] _ ^r+^ . (12.40) 

4' V2 

Prom this one can easily show that the above generators satisfy the Lie algebra relations 
of SO (3). To identify V/IC with the traceless symmetric representation, 5'q(M^), first 
observe that SU{2) has real representations of dimensions three, four and five, and all 
the rest are of higher dimension. In the first two cases V/IC would have been the sum 
of an irreducible and trivial representations. This means that V/IC would have a one- 
dimensional invariant subspace under the 5*0(3) action. However, one can easily show 
that such a subspace does not exit. Thus the only other option available is to identify 
V /K, = (M^). A direct computation in appendix C has confirmed this. There are two 
types of orbits of 50(3) in Sl{W^). One is a generic orbit of co-dimension two isomorphic 
to 50(3) and the other is a special 5^ orbit. This can be easily seen by observing that 
any 3x3 symmetric traceless matrix can be diagonalized and has two eigenvalues. If the 
two eigenvalues are distinct, then the symmetric matrix represent the generic orbit. If 
either one of the eigenvalues vanishes or their sum vanishes, then the symmetric matrix 
represents the special 5^ orbit. A representative of the special orbit can be identified 
with a spinor that is invariant under one of the generators of 50(3). Therefore, we can 
choose as a fourth Killing spinor cither 

64 = i cos (^(6i5 - 62345) + i sin ip{ei2 + 634) (12.41) 
where </? is a constant angle, or 

64 = i(ei2 + 634) . (12.42) 
Thus the dilatino Killing spinor equation is either 

^(1 + 61234) = vA(6i5 + 62345) = A{i{l - 61234) + 625 - 61345) 

= ^[cos </7(ei5 - 62345) + sin (/?(ei2 + 634)] = , (12.43) 

or 

Ail + 61234) = ^(615 + 62345) = ^(^(1 - 61234) + 625 - 61345) = ^(612 + 634) = 0(12.44) 
The latter case is a special case of the former for soup = 1. 
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12.5.2 Al = Aei2 = 

The solution of the dilatino KiUing spinor equation expressed in SU (2) representations 
is 

(9+$ = , = H+a'^ = , [e+, ea]i = , [e„, e^]^ = [e^, e% = , 

((ie_|_)„p ((ie^)„ , {dCf^^Yip ('^6a)np ('^^a)n ) 

9n^-^^n + ^[e-,e+]s = , a = 1,2, n,p = 3,4, i = 3,4,3,4. (12.45) 

If i) is not abclian, the dilaton is invariant under e+, de^,de°' G 5u(2) but de~ is not 
restricted. For abehan [), the dilaton is invariant under e+, ei, 62. 

12.5.3 ^1 = ^(ei2 + 634) - A(ei5 + 63345) = 
The solution of the dilatino Killing spinor equation is 

= (9+$ = di^ = {82 - 82)^ = , H+12 = H+ri + H+22 = , 
[ei, e2]n = [e+, ei]„ = [e+, e2]„ = [ci, ei]^^ + [e_, 6+]^^ - [ei, eaJpC^-, = , 
[ei, ei]n + [62, 62]^ - [61, 62]pePfi = [6+, 62]n " [e+, eilpe^n = [6-, ei]n + [6_, 62]pePn = , 

((i6+)„'^ = ((i6+)p, - , H_u - H_22 - (ci6_)„" - , H_^2 + \{de.)p,e^'^ = , 

H21I + //+-2 + ^e^"(rf6i)^n = ((^6i)^„ = (d6l)„" + + //122 = , 

- H122 + ^e''"'(rf62).y„, = i/211 + ^+-2 + (rf62)p^ = (rf62)^n = , , 
2^2$ + H+_2 + H+_-2 + i^211 - ^^211 = , 

2dn^ + [61, 6i]n + [62, 62]n - [6+, 6_]^ - {d^)n = . (12.46) 

The dilaton is invariant under five parallel vector field. Moreover de~ G su(2) and the 
anti-self dual part of de^ , de^ and de^ are determined in terms of the structure constants 
of f). So if f) is abelian, all rotations are in su(2). In addition $ is invariant under all 
parallel vectors fields. As a consequence, there is supersymmetry enhancement to A^" = 8. 

12.5.4 Al = >l6i5 = 

The solution in SU (2) representations is 

5+$ = a_<I> = = , H_^2 = = H_+-2 + H-2n = , 
{de+)np = , {de+)n'' + H+22 + ^+11 = , 

ide^)np = , //_ii - H_22 - (o?6_)„" = , 

((i6i)„p = {dei)np = , (rfei)„" + iJi22 + -f^-+i = , 

ide2)np = , [6_, 6+]n + [61, 6i]j^ = , 

[6+, 62]n = [6+, 6i]„ = [6_, 62]„ = [6_, 6i]„ = [ei, 62]n = [6l, 62]n = 

d-2^ - ^((i62)„" = , - + ^[62,62]^ = . (12.47) 
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The dilaton is invariant under e+,e_ and ei. Moreover o?e" e u(2), a = — ,+, 1,2. For 
the first three rotations, the hermitian trace depends on the structure constants of i). 
Consequently even if [) is abehan, the hermitian trace of de^ does not vanish. There is 
no supersymmetry enhancement to iV = 8. 

12.5.5 Al ^ A{ei5 + 62345) = A{ei2 + 634 + (ew - 62345)) = 

The solution for the first three Killing spinor equations is given in (12.27). The forth 
Killing spinor equation gives the additional constraints 

((ie+)„™ = -2H2n - 2H_+^ = 2(^65)^"^ , 
€^^^{(162)^^ = 4i/_i2 + 2H_+i + 2H12-2 , 
[ei, e2\p€^n = [ei, ei]n + [62, eajn + 2[e_, Csjn , 

[e+, 62]^ + em^[e+, ei\p = 2[e_, e+]n + 2[ei, ei]n ■ (12.48) 

Note that these conditions together with (12.27) imply that 82^ — 0. Therefore the 
dilaton is invariant under all parallel vector fields. The anti-self dual part of de"', for 
a = —,+,1,2 is entirely expressed in terms of the structure constants of f). Hence, if i) 
is abelian then de"- takes values in su(2) and supersymmetry enhances to = 8. 

12.5.6 Al = A{ei5 + 62345) = ^(cosv5(e25 - 61345) +ism(p{ei5 - 62345)) = 

The solution for the first three Killing spinor equations is given in (12.27) while the forth 
implies the additional constraints 

H_i2 = H_i2 , cos Lp{de-)n^ - i sin (p{H_i2 + -ff-12) = , 
ide-2U"' + H-2_+ + H-2n = 0, 

cos (^(|(d62)„^„e"*" + H-,_+ + H-,22) - 2i sin ^{H_+2 + ^211) = , 
cos<y9([e2,e2]m + [e_, 6+]^ - [ei,e2]pe^m) - 2i sin v9([e_, e+]„ - [6i,6i]„)e"^ = 0, 
cos(^(-[6_,62]m+ [e-,6i]pe^^) - 2i sin If [e^,ei]fn = 0, (12.49) 

where we have assumed that cos (p and sin 99 do not vanish. In the special case in which 
sin (fi — 0, the fourth Killing spinor equation gives the additional constraints 

H_r2 = H_j2, (d6_)„" = 0, 

{de-2)„r + i^2-+ + ^211 = |(t^e2).„.„e'"" + Hi_^ + H122 = , 

[62, eg]™ + [e-, e+]^ - [ei, e^jpe^^ = -[e_, e2]m + [e-, ei]pe^^ = . (12.50) 

The additional constraints from the fourth Killing spinor equation imply both in the 
generic and in the special case that (?2$ = 0. Therefore we conclude that in both 
cases the dilation is invariant under all parallel vectors Ca- The anti-self dual part of all 
rotations de"' depends on the structure constants of f). Therefore if i) is abelian, then de"' 
is self-dual, i.e. takes values in su(2). In such a case, supersymmetry enhances to A^" = 8. 

12.5.7 ^(1 + 61234) = ^(ei5 + 62345) = A{i{l - 61234) + 625 - 61345) = A[cos(f{ei5 - 
62345) + sinv?(ei2 + 634)] = 

The solution for the first three Killing spinor equations has been given in (12.28). In 
addition, the (generic) fourth Killing spinor equation, assuming both sin ip and cos ip do 
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not vanish, gives the additional constraints 

H_i2 — H_i2 = + = , 

H-+2 + H_j^2 + H211 - H211 + i{H_ii — H_22) = , 

sin </?(i?+ii + -^+22) - cos <f{H_^2 - H_+2 + -f^2ii + -f^2ii) = , 

cos (f{H_i2 + H_i2) + sin <f{-Hi22 + H122 + -^-+1 + H~.+i) = , 

sinv9([ei,e2]m + [61,62]™ - em^{[ei,ei]n + [62,62]n)) -2cosip[e-,ei]m = 0, 

Sinv9([6+,62]m + e^^[6+,6i]p) - 2 COS V9[6i, 62]pe^m = 0. (12.51) 

Moreover for the special orbit that corresponds to sin ip = 1, we find that the solution 
to fourth Killing spinor equations is 

H+ll + -^+22 = H^i2 + if+i2 = , 

H-+2 + H_j^2 + H211 - H211 + i{H_ii - H_22) = , 

-ifl22 + -f^l22 + H^+i + .f/"_+i - i{H_i2 — H_l2) = , 

[ei, ealm + [ei, e2]m - em"([ei, ei]n + [62, e^Jn) = , 

[e+,e2]^ + e^f[e+,ei]p = 0. (12.52) 

It is easy to see that the conditions in both cases restrict the commutators of the vectors 
fields 6a and the structure constants of \). As in the (12.28), the anti-self dual part of de°' 
is entirely expressed in terms of the structure constants of f), and the dilaton is invariant 
under all parallel vector fields. As a consequence, if [) is abelian, supersymmetry enhances 
to = 8. 

12.6 N=5 

12.6.1 Killing spinors 

In this case, it is more convenient to use the gauge symmetry to determine the normals 
to the Killing spinors. The correspondence N ^ 8 — N suggests that the normals can 
be chosen in a way similar to the Killing spinors for A^ = 3 backgrounds. In turn 
these can be used to find the Killing spinors of the theory. In particular as for A" = 3 
supersymmetric backgrounds, there are three cases to consider. 

12.6.2 Al = ^(615 + 62345) = Aeu = 
The solution of the Killing spinor equations is 

9+$ = = = ^2$ = , a,,$ - '^{e^,)n + lie., e+]n = , 

H+12 = -ff+ll + -^+22 = H__^_i + H122 = H_j^2 + H211 = , 

[6+, 6i]m = [6+, 62]™ = [6+, ei]fn = [6+, 62]™ = 6i]s + [C-, 62]me'"s = , 

[61, 62]m = [61, ei]m + [62, 62]^ = [6-, 6+]^ + [61, 61]^ - [61, 62)^6^^ = , 

{de+)mn = {de+)n'' = , ((ie_)„" - H^n + H_22 = |e"^"(de_)^„ + H_^2 = , 
{dei)mn = {dei)mn = {dei)n"' = , {de2)mn = {de2)mn = {de2)n'' = . (12.53) 

The dilaton is invariant under all parallel vector field Ca- Moreover de", a — — , +, 1, is 
self-dual, i.e. takes values in su(2), while de^ takes values in u(2). The hermitian trace 
of the latter depends on the structure constants of f). Therefore if 1^ is abelian, there is 
supersymmetry enhancement to A^ = 8. 
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12.6.3 Al = A{ei2 + 634) = Aei5 = 

The solution to the Kilhng spinor equations is 

9+$ = 9_<l> = 9i$ = 82^ = 0, dn<^ - l%,)n + Ih, e-2]n = , 

H+12 = H+ii + H+22 = H_i2 = H_+2 + H211 = , 

[e+, ei]m = [e+, e2]m = [e+, e2]m + em''[e+, ei]„ = [e_, ei]n = [e_, 62]^ = , 

[ei, 62]^ = [ei, 62]^ = [ei, ei]^ + [e2, 62]^ + em^[ei, 63]^ = [e_, e+]^ + [ei, ei]^ = , 

lde+)mn = {de+)n'' = , (rfe_)„" - i7_n + H_22 = (rfe_)^„ = , 

{dei)mn = {dei)mn = {dei)n' + H_+i + H122 = , 

{de2)mn = W^^Une^'' - H_+i - H12-2 = (c?e2)n" = . (12.54) 

The dilaton is invariant under all parallel vector field Ca, and de" is self-dual. Moreover 
de", a — +,1 takes values in u(2), where the hermitian trace depends on the structure 
constants of f). Similarly all the anti-self-dual components de'^ depend on the structure 
constants of f). Therefore if f) is abelian, there is supersymmetry enhancement to = 8. 

12.6.4 Al = Aei5 = A{e25 - 61345 + «(ei2 + 634)) = 

The first four Killing spinor equations give the conditions (12.47), while the fifth implies 
the additional constraints 

(rfe_)„" - (rfe+)„" = (rfei)„" - (rfei)„" = ((^62)^" = 0, 
Ude2Une''"'' + (rfei)„"_ - ^((ie_)„'^ = , 

-[e_, 62]^ + [e_, eilpePm - «([ei, e2\m - em"([ei, ei\n + [e2, Csjn) = , 

-[e+, ei]^ + €rn^[e+, 62]^ i(-[ei, ei]n + [e2, 62],^ - [ei, 62)^6^^) = . (12.55) 

Note that the above conditions together with those in (12.47) imply that ^2$ = 0. 
Therefore the dilaton is invariant under all parallel vector fields Ca- Moreover de", a — 
— , -|-, 1, take values in u(2), and the hermitian traces depend on the structure constants 
of {). Similarly the anti-self dual part of de^ depends on the structure constants of f). So 
again there is supersymmetry enhancement to = 8, if [) is abelian. 

12.7 N=6 

12.7.1 Killing spinors 

As in the N — 5 case, we use the gauge symmetry to determine the normals to the 
Killing spinors. Comparing with the N — 2 case, we conclude that there are two different 
possibilities. 

12.7.2 Al = Aei5 = Atxi = 

The solution of the dilatino Killing spinor equation is 

= d+^ = di^ = ^2$ = , 
H+-1 — H122 = H+_2 — H211 = H+ii + H+22 = H+12 = H_i2 = , 
[ei, e2]m = [ei, e2]m = [ei, 63]^ = [e+, e-]n - [ei, ei]^ = [ei, ei]^ + [e2, e^]™ = , 
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[e+, ei\m = [e+, e2]m = [e+, Ci]^ = [e+, 62]™ = , [e_, ei]^ = [e-, e2]m = , 

(rfe+)„" = (o?e+)„„ = (o?e_)„" - /J_n + //_22 = (rfe_),„„ = , 

(rfei)„" = {dei)mn = {dei)fnn = , ((ie2)n" = (C?e2)mn = {de2)mn = , 

- K^-Jn + [e-,e+]^ = 0. (12.56) 

Clearly the dilaton is invariant under all parallel vectors e^. Moreover rfe", a = —,1,2 
take values in su(2), while de^ takes values in u(2). The hermitian trace of the latter is 
determined by the structure constant of f). So there is supersymmetry enhancement to 
= 8, if () is abelian. 

12.7.3 Al = Aei5 = ^(625 - 61345) = A{ei2 + 634) = 

The solution of this Killing spinor equation is given in (12.54) and supplemented with 
the conditions 

(rfe_)„" = (rfei)„"-(rfei)„" = 0, 

-[e_, eslm + [e-, ei]pe^„ = -[ei, ei]n + [62, 62]^ - [ei, e^Jpe^^ = . (12.57) 

The dilaton is invariant under all parallel vector fields Moreover de", a = —,+, take 
values in su(2), and de^ takes values in u(2) with the hermitian trace to depend on the 
structure constants of f). Similarly the anti-self dual part of de^ depends on the structure 
constants of f). So again there is supersymmetry enhancement to N — 8, ii i) is abelian. 

12.8 N=7 

12.8.1 Al = Aei5 = Aei2 = ^(625 - 61345) = 

The solution is given by (12.56) with the additional constraints 

(o?e_)„™ = , [e_, e2]fn - [e-, ei]pe^^ = [e_, e+]^ - |[ei, eglpe^m = , (12.58) 

It is straightforward to see that the difference between the solution of the dilatino Killing 
spinor equation for N = 7 backgrounds and that of = 8 backgrounds, see [28] and 
(12.59) below, is that in the former case the commutators [e_,e2]i and [e_,e4.]j do not 
vanish. Therefore if [[),[)] C (), then the N — 7 backgrounds admit eight supersymme- 
tries. We will discuss the case [f), f)] ^ f) in section 12.10. 

12.9 Comparison with N=8 

The solutions to the dilatino Killing spinor equation are [28] 

da<^ = , {dea)n' = ^ ' ^ {dea)mn = , 

2dn^ - {e^,)n = , ■ (12.59) 

where e+_ii22 = — 1- In particular = M < Ca >, [1^, I)] C f) and spans a self-dual 
Lorentzian Lie algebra. As has been already mentioned, these have been classified in 
[45]. 
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It is clear that the differences between N — 8 and 1 < < 8 supersymmetric 
backgrounds He in the invariance properties of the dilaton under the action of the parallel 
vector field, the properties of the commutator [[), [)] and the values of the rotations rfe" 
in 5u(2)-^ C A2(M^). All the different cases can be characterized in terms of these 
three criteria. However unlike the cases with parallel spinors that admit a non-compact 
isotropy group, the comparison is much more involved. In the case by case analysis we 
have presented, we have not used the fact that there is a classification of Lorentzian 
metric Lie groups. In particular, this may impose some additional conditions on the 
structure constants of P) that arise from the Jacobi identities. In turn, this may lead to 
some additional simplifications to the solutions of the dilatino Killing spinor equations. 
We shall investigate this aspect elsewhere. 

12.10 Reduction of holonomy 

As in the investigation of the holonomy reduction in previous cases, we assume that 
dH — 0, hol(V) C SU{2) and use the field equations to identify the additional V- 
parallel forms. As before either [I), I)] C {) or hol(V) c SU{2). Similarly, one can show 
that the Hate are constant and they can be identified with the structure constants of f). 

In fact, in this case the constraints that arise from [I), I)] ^ I) are particularly strong. 
Suppose there is some component Hau — —[Xa,Xb]i non- vanishing. Since it is parallel 
with respect to V the supercurvature has to satisfy the integrability condition 

RAB/Habj = , (12.60) 

One can show that this implies the vanishing of R in the following way. First suppose 
that either Habs or Hah4 vanishes. Then the above constraint readily implies the vanishing 
of the supercurvature. If both components of Habi are non- vanishing, one can show that 
the supercurvature has to satisfy 

—Rab,3iRab,u — —Rab,33Rab,U ■ (12.61) 

The left hand side is non-positive while the right hand side is non-negative (using the 
fact that R takes values in SU{2)) and hence the supercurvature has to vanish. We 
conclude that in the SU{2) case either [1^, 1^] C 1^ or hol(V) = 1. 
Furthermore, 

ri = zi/,/e" (12.62) 

is V-parallel. Since e" are also V-parallel iHap^ — Ua are constants. Similarly one can 
show that 

T^ = ^H%,ePAe\ (12.63) 

are also V-parallel. In this case, one can set 

r« = A"a;}°, A" G C . (12.64) 
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Using similar arguments to those we have made for the G2 case, one can also show 
that 

r3 = a„$e" (12.65) 

and 

T4 = {2d,<!>-{e^,)^)e' (12.66) 

are V_parallel. Since e°- are also V-parallel, — Va are constants. Similarly, either 
r4 = or hol(V) C SU{2). 

Let us now turn to investigate some of the implications that the above parallel forms 
have for supersymmetric backgrounds. As can be seen from the conditions ior N — 8 
backgrounds, dH — 0, hol(V) = SU{2) and the field equations are not sufficient to imply 
the dilatino Killing spinor equations from the gravitino ones. In particular, one has to 
impose in addition ti = T2 = T3 = 0. Moreover, a direct inspection of the conditions for 
the descendants with N < 7 reveals that they may be solutions with hol(V) = SU{2). 
All such solutions are principal bundles over a four-dimensional manifold. However the 
base manifold may not admit an SU (2)-structure. 

For N = 7 we found that if [[),[)] C t) this would reduce to the = 8 case. However, 
due to the above integrability condition (12.60), if [f), f)] ^ f) the holonomy of V reduces to 
the identity. As mentioned before and as will be discussed in section 13, such backgrounds 
preserve at least 8 supersymmetries. This arises as a consequence of the conditions 
dH — R — and the dilatino KiUing spinor equation [32, 31]. This case is reminiscent 
of type H backgrounds with 31 supersymmetries [34, 36, 35]. 



13 The descendants of 1 

The Killing spinor equation implies that R = and so the spacetime is parallelizable. In 
addition one can argue that dH — 0. This is certainly the case in the lowest order in a'. 
The Bianchi identity of H receives anomaly contributions from the gravitational sector 
and the gauge sector. The gravitational contribution can be expressed in terms of R 
where R can be found from R after setting H to —H. Now if dH = 0, Rab,cd = Rcd,ab 
and since i? = for these backgrounds, the gravitational contribution to the anomaly 
vanishes. The gauge contribution also vanishes if we assume that all parallel spinors also 
solve the gaugino Killing spinor equation. Parallelizable supersymmetric backgrounds 
with dH 7^ have been investigated in [31]. 

The dilatino Killing spinor equation imposes additional conditions on the spacetime. 
There arc two cases to consider depending on whether or not the one-form d^ is null. 
Suppose that (i$ is not null and 7^ 0. In this case, one can show that the dilatino 
Killing spinor equation [32, 31] implies that 

n^i^^M^W— ^ (13.1) 

2 24M$P 



56 



is a projector, 11^ = 11. Since trll = 8, backgrounds with dH — R — and \d^\ ^ 
preserve at least half of the supersymmetry. Moreover one can also show that (i$ is V- 
parallel, spacelike and id^H = 0, see e.g [32, 28]. All these are linear dilaton backgrounds. 
Moreover 0?$ spans a fiat direction orthogonal to the rest of spacetime. 

On the other hand if = 0, i.e. either d$ is null or d$ = 0, then H is null. 
If d$ 7^ 0, then using the condition id^H — one can show that these backgrounds 
preserve at least eight supersymmetries. In the following we confirm the results of [31]. 

13.1 N=8 

The solutions for which \d^\ 7^ have been classified and have been found to be isometric 
to 

AdSs xS^xS^xR, AdS-i xS^xR^ , M^'^ x SU{3) , M^'^ x x , 
M^'^ X , CW4 xS^ xR^ , CWe xS^xR , (13.2) 

where CW stands for Cahcn-Wallach spaces. In fact it turns out that the full content 
of the dilatino Killing spinor equation is the projection He = e. So these backgrounds 
preserve precisely 8 supersymmetries. 

On the other hand if \d^\ — 0, d^ ^ 0, it has been shown that the spacetime is 
isometric to 

CW^io , CWg X , CWe x , CW^ x , M'^'^ . (13.3) 

The eight Killing spinors can be chosen, up to a gauge transformation, to satisfy F+e = 0. 
A basis in the space of these Killing spinors is (e^s, Ca/j-ys), i.e. these Killing spinors 
span the Ag representation of Spin{8). All these backgrounds can be thought of as 
degenerations of CWio. The only non- vanishing component of the flux is 

H^e+ A(3 , /? = ^pijc' A , (13.4) 

and the dilaton is linear. The form /3 is a generic element in A^(M^) = spin(8). The 
Maurer-Cartan structure equations of the Cahen-Wallach group manifolds are 

de+ = , de~ = ^Pije' A , de' = A . (13.5) 

The backgrounds with > 8 supersymmetries are special cases of such backgrounds 
with constant dilaton and appropriate restrictions on (3. 

13.2 N= 10 

To begin observe that S(/C) = Spin{l, 1) x Spin{8). The additional Killing spinor lies 
in Ag . Using a similar argument to that we have applied to determine the descendants 
in the case, the Killing spinor can be chosen as 

£9 = 1 + ei234 ■ (13.6) 
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The dilatino Killing spinor equation gives 

a+$ = 0, = 0, H+^p - ie„/^"i/+^5 = . , (13.7) 

Therefore for such backgrounds, we have found that 

$ = const , P e 5pin(7) . (13.8) 

Since (3 is constant and Spin{7) acts on the remaining spinors with the vector repre- 
sentation, the dilatino Killing spinor equation PijV^e — has another solution. This 
is because an element of S0{2k + 1) acting of ]R^^+^ leaves an axis invariant. The sta- 
bility subgroup in this case is SU{4) = Spin{6). Therefore, there is supersymmetry 
enhancement to iV = 10. The second spinor can be chosen as 

eio = i{l - 61234) (13.9) 

and P e 5u(4). These backgrounds are the special cases of Cahen-Wallach space-times 
that have two additional supersymmctrics [31]. Therefore there are no isolated back- 
grounds with N = 9 supersymmetry. However deformations families of = 10 back- 
grounds which can be constructed by allowing /? to take values in 5pin(7) have = 9 
supersymmetries. 



13.3 N=12 

Applying the same arguments as in the case, we can choose an additional solution 
of the dilatino Killing spinor equation PijT^^e = as en = i(ei2 -l- 634). The stability 
subgroup is Sp{2) — Spin{5). Again 5*^(2) acts with the vector representation on the 
remaining spinors and so there is an additional Killing spinor which can be chosen as 
^12 = — 634 with stability subgroup Spin{4:) and so 

P e spin(4) = su(2) e su(2) . (13.10) 

Again there are no backgrounds with = 11 supersymmetries. Moreover the compo- 
nents oi P ioT N > S are those of H+ij found for the corresponding descendants of the 



13.4 N=14 

It can be arranged such that the next solution of the dilatino Killing spinor equation is 
^13 = ei3 + ^24 with stability subgroup Spin{3) which again acts on the remaining three 
spinors with the vector representation. Therefore there is an addition Killing spinor 
which can be chosen £14 = i(ei3 — 624). Moreover 

p e 5u(2) . (13.11) 

13.5 N=16 

There no backgrounds with = 15 supersymmetries, see e.g [35]. The backgrounds 
with A'" = 16 supersymmetries are isometric to Minkowski spacetime [37] . 
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14 Concluding remarks 



We have solved, using the spinorial geometry technique of [29], the KiUing spinor equa- 
tions for all supersymmetric type I backgrounds. In particular, we utilized the gauge 
symmetry of the Killing spinor equations of the theory to construct representatives for 
the Killing spinors in all cases. We have approached the problem by first solving the 
gravitino Killing spinor equation whose solutions are parallel spinors with respect to a 
metric connection, V, with torsion a three-form H. The solutions have been character- 
ized by the isotropy group of the spinors in Spin{9, 1). Then in each case, we have used 
as gauge symmetry the subgroup S(7') of Spin{9, 1) that leaves invariant the space of 
parallel spinors V to find representatives for the solutions of the dilatino Killing spinor 
equation for the descendant backgrounds. The Killing spinors are characterized by the 
isotropy group of the associated parallel spinors and their stability subgroup in 

There are two classes of supersymmetric backgrounds depending on whether the 
isotropy group of the parallel spinors is compact K or non-compact X K M^. In the latter 
case, all backgrounds admit a null V-parallel vector field. Moreover, their geometries 
can be characterized in terms of the properties of the rotation of the parallel vector 
field and those of cndomorphisms of the tangent bundle that behave as almost complex 
structures on the transverse directions to the light-cone. In particular, the geometries 
depend on the integrability of these endomorphisms and on a relation between their Lee 
forms. In addition the Gray-Hervella class W2 vanishes for all the endomorphisms. We 
have also shown that if one imposes dH = and the field equations, then the holonomy 
of V reduces for all the descendant backgrounds. This is because the spacetime admits 
more parallel forms than those allowed by the holonomy of V. Moreover, under the same 
assumptions, if one insists that the holonomy of V is precisely the isotropy group of the 
parallel spinors, then the gravitino Killing spinor equation implies the dilatino one and 
all parallel spinors are Killing. These are the backgrounds explored in [28]. 

On the other hand if the isotropy group of the parallel spinors is compact, i.e. G2, 
SU{3), SU{2) and {!}, then the spacetime admits, 3, 4, 6 and 10 V-parallel vector fields, 
respectively. In addition all the invariant forms associated with these groups are also 
V-parallel. The geometry of the backgrounds depends on the properties of the rotation 
of the parallel vector fields and their commutators, the integrability conditions of the 
endomorphisms invariant under the above groups, and the relation between the Lee forms 
of the remaining V-parallel forms. In addition W2 = vanishes for all endomorphisms 
associated with the invariant Hermitian forms. The pattern of relations between the 
various tensors that characterize the geometry is more involved in this case. We have 
also shown that if dH = and the field equations are satisfied, then in many cases 
there are additional parallel forms on the spacetime than those allowed by the holonomy 
groups. Therefore if these additional forms do not vanish, the holonomy reduces. Hence, 
if one insists that the holonomy of V is precisely the isotropy group of the parallel spinors, 
this imposes additional conditions on the existence of descendants. In particular, this 
would imply that the vector space spanned by V-parallel vector fields closes under Lie 
brackets and many terms in the solution of dilatino Killing spinor equation for the 
descendants would vanish. However unlike the non-compact case, there are descendants 
with holonomy precisely the isotropy group of the parallel spinors. 
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As we have already mentioned, the assumption that the holonomy of V is precisely 
the isotropy group of the parallel spinors puts strong conditions on the existence of 
most descendants. However, one may allow the holonomy of V to be reduced. In some 
of the cases, this will imply enhancement of supersymmetry but not always. We have 
shown that the N — 7 descendant of SU{2) always admits an additional supersymmetry 
and so it can be identified with the N — S backgrounds. The full pattern or web of 
reductions is rather involved and it may be worth a systematic investigation. There 
are additional conditions on the geometry that we have not investigated. For example, 
there is a classification of Lorentzian Lie groups [33] and so a priori there are additional 
conditions on the structure constants of the Lie algebra of the parallel vectors. These 
have not been implemented in the analysis of the descendants. This mostly affects the 
descendants of the SU{2) case and the results will be reported elsewhere [46]. 

So far we have investigated the geometry of supersymmetric backgrounds. A natural 
question arises whether all solutions can be classified. If a background admits Killing 
spinors with a non-compact isotropy group, then from the results of [28], dH = 0, the 

Killing spinor equations, and the vanishing of E and LH_+ components of the Einstein 

and two-form gauge potential field equations, respectively, imply that all field equations 
are satisfied. Similarly, if a background admits Killing spinors with a compact isotropy 
group, then the Killing spinor equations and dH = imply all field equations. However 
despite these simphfications, it is unlikely that all the solutions can be classified in full 
generahty in the near future. This is because such a task is related to other classic 
classification problems like for example those of and Spin{7) manifolds that remain 
unresolved. Nevertheless some classes of solutions can be understood better. One such 
class is that of compactifications of type I supergravities with fiuxes. It is clear that 
some backgrounds with N, N — 1,2,3,4,5,6,8, parallel spinors which have a non- 
compact isotropy group can serve as the vacuum configurations of compactification of 
type I to 1 + 1 dimensions. This is confirmed by the property of to be isomorphic 

to Spin{l, 1) X R where R and be thought of as an i?-symmetry group of the 1 + 1 
supergravity. A similar observation can be made for backgrounds with parallel spinors 
which have compact isotropy groups. In particular backgrounds with parallel spinors that 
have G2, SU{3) and SU{2) isotropy groups can be used for compactifications to 2 + 1-, 
3 + 1- and 5 + 1-dimensions. The group has the appropriate structure. It is also 

possible to go beyond the vacuum configurations and compare supersymmetric solutions 
of type I supergravity with those of lower dimensional supergravities that are related 
via a compactification. This will give an insight into how supersymmetric solutions are 
related in a compactification scenario. 

One may also wonder whether the classification of geometries of all supersymmetric 
backgrounds in type I supergravity can be extended to those of type II supergravities. 
The nature of the problem in type II is different. This is because the gauge group of the 
Killing spinor equations in type II supergravities is a proper subgroup of the holonomy 
group of the supercovariant connection. This, and its consequences, have been explained 
in detail in the conclusions of [44] and we shall not repeat the analysis here. Nevertheless 
the results of this paper can be adapted to solve the algebraic Killing spinor equations 
of type II supergravities provided that a solution of the gravitino Killing spinor equation 
is known. In particular the group that preserves the space of parallel spinors can 



60 



again be introduced and then it can be used to find representatives for the solutions of 
the algebraic Killing spinor equations. Clearly, this can be applied in type IIA and IIB 
supergravities and well as in other supergravities in lower dimensions. 
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Appendix A Geometric structures 
A.l Compact stability subgroup 

To determine the geometry of supersymmetric backgrounds, one has to understand the 
different geometric structures that can occur. For parallel spinors with compact stability 
subgroups K in Spin{9, 1), and so hol(V) C K, the spacetime admits one time-like and 
n = 2 or 3 or 5 or 9 spacelike V-parallcl vectors fields denoted by and some K- 
invariant V-parallel forms, which we denote collectively by r. It is always possible to 
choose a basis in the ring of invariant forms such that 

iaT = , (A.l) 

where ia denotes inner derivation with respect to the vector field Xg,- Since Xa are 
parallel they are nowhere zero and so span a topologically trivial subbundle S of the 
tangent vector bundle TM of the spacetime M. Thus we have 

O^S^TM^n^O, (A.2) 

such that n is the orthogonal complement of S in TM with respect to the spacetime 
metric, TM = S © 11. Since S is trivial, the topological structure group of M reduces to 
K C Spin{9 — n) C Spin{9, 1). In general [S, S] ^ S, and so M is not always foliated. 
Nevertheless, the above decomposition of TM and its dual can be used to decompose 
the various tensors of M along the directions of S and 11. In particular, introduce the 
dual one forms e" of Xb, i.e. e"(Xf,) = 5''b- Since V is a metric connection g{Xa,Xb) 
is constant and so one can always choose g{Xa,Xij) = rjab, where rjab is the standard 
Lorentz metric. Therefore, we can set for the metric and H, 

H = ^i/„6ce" A e'' A e^^ + ^H^bie'' Ae'Ae' + ^i/„,,e'^ A A 

+ ^if,,,e^Ae^' Ae*^ , (A.3) 

where e* is a local basis of one-forms spanning the fibers of the dual of 11, i.e. the 
spacetime frame index decomposes as ^4 = (a, i) and i?|n = Jr-f^ijfc^* ^ A e^. In this 
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basis, the remaining V-parallel forms can be written as 

^ = linu...,i.e'' A • • • A e^S (A.4) 

i.e. T = T|n- This foUows from (A.l). 

To find the conditions imposed on the geometry by VXa — Vr = 0, we observe that 

VA(^a)B = <^=^ iaH = TJabde'' , CaQ = , 

k 

Therefore Xa is Kilhng and its rotation is given in terms of H. In turn this imphes that 
all components of H of the type HaAB are determined. In particular, we have that 

Haij = {iaH)ij = {dea)ij , Habi = {ibiaH)i — {dea)bi — —[Xa,Xb]i , 

Habc = icibiaH = {dea)bc = -gii^a, ^b] , ^c) , (A.6) 

where dca = riab{de^). If [S, S] C S, i.e. Xa span a Lie algebra, then Habi — 0. We shall 
examine this case in more detail later. 

Next focus on the conditions in (A. 5) involving r. It is clear from the above equations 
that some of the components Haij are also determined in terms the the covariant deriva- 
tive of T. Compatibility requires a restriction on the geometry, i.e. a relation between 
the exterior derivative of Xa, which also determines Haij, and the covariant derivative of 
r. To find such geometric conditions, we begin with the first pair of the above equations, 
and decompose A^(M^~") = £ © t^, where t is the Lie algebra of K. This induces a 
decomposition of the two-form ia-f^|n as ia-f^|n = iaH^ + iaH^ . It is clear that iaH^ is 
not determined by the first equation because the forms r are invariant under the action 
of K. However. iaH^ can be expressed in terms of both the covariant derivative of r 
and the rotation of Xa- As a result, the t-^ component of the rotation of Xa can be 
expressed in terms of the Va covariant derivative of r, i.e schematically we have 

{deaf = {Varf . (A.7) 

It remains to investigate the condition Vir;j...j^. = 0. This condition can be used to 
investigate the i?|n component of H. The analysis is similar to that which one does 
in the context of (9 — n)-dimensional manifolds with X-structure compatible with a 
connection with skew-symmetric torsion. The end results depends on the K structure, it 
may or may not give additional conditions on the geometry. In all cases, H\u is entirely 
determined in terms of the geometry. We shall not give further details here but we 
describe the end result in each case separately. 

Using VXa — Vr = 0, one can also compute the Lie derivative of r along Xa to find 

^aTAiA2...Ak = k{ — l)''Ha^[AiTA2...Ak]B < > ^a'Tiii2...ik = ^(~l)'^-^a"'[n'''i2---«fc]i ; 

^aUii...ik-i = Ha^b'rii...ik-ij ■ (A. 8) 

Thus if iaH^^ vanishes and [S, S] C S, then jCa^ — 0. Moreover observe that if dH — 0, 
then CaH = 0. 
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One can utilize the relation of H to the rotation of Xa to write H in terms of Xa in 
various ways. For example, one can write 

H = r^abe'' ^de' + ^g{[Xa,X,],X,)e'' ^e' + ]^[X,,X,],e'' ^e' ^e' 

+i//,,-fee^Ae^ Ae*^ , (A.9) 

where as we have mentioned the expression for i/|n depends on the X-structure. 

As has been observed in [28] , there is an alternative way to write H in the case that 
[S, S] C S. In particular, one has that Hau = 0, the spacetime is a principal bundle, 
ya _ jg identified with a principal bundle connection, and Habc are the structure 
constants of the Lie algebra spanned by Xa- In this case, it is more convenient to write 

H = ^?7a6A" A dA" + ^?7„,A« A J^" + j^ H.jj^e' A A , (A.IO) 

where 

r = ^//%e* A = dX" - ^H^^X^ A A^ , (A.ll) 

is the curvature of the principal bundle. Sometimes we write H"^^^^ = i^|n. 

The dilatino Killing spinor equation will impose additional conditions on H and 
on the geometry. These are determined on a case by case basis from the solutions of 
the dilatino Killing spinor equations and depend on the choice of Killing spinors up to 
Lorentz transformations. This is unlike the conditions we have described above which 
depend on the V-parallel spinors that the spacetime admits, i.e. the solutions of the 
gravitino Killing spinor equation. 



A. 2 Non-compact stability subgroup 

If the stability subgroup of the parallel spinors is not compact, k M^, the spacetime 
admits a V-parallel null vector field X and null V-parallel forms which we collectively 
denote with r such that 

ixT = . (A.12) 

Since the null vector field is nowhere vanishing, the tangent bundle of the spacetime 
admits a trivial rank one subbundle S and so 

^ H ^ TM ^ L^O . (A.13) 

Choosing X — e+, and so the associated V-parallel one-form is e~ , the spacetime metric 
can be written as 

ds^ = 2e-e+ + 5ije'e^ , (A.14) 

where e+,e' is a local basis in L. The structure group of TM, which is a subgroup of 
the holonomy group K kR^ G Spin{8) ix M^, acts as 

e" ^ e" , e+ ^ e+ - Oijq' - Oijq'q^ e" , e' ^ O'j + q' e' , (A.15) 
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where O is an element of the vector representation of Spin{8) and g e M^. There is 
no natural definition of the e"*" light-cone direction or of the "transverse" e* directions 
to the lightcone. Next observe the bundle of {k + l)-forms of M, A''~^^[M), contains a 
subbundle 

AT'^+i = {a e A'=+i(M) , s.t., ixa^O , A a = 0} . (A.16) 

The V-parallel forms r are sections of this bundle. The transition functions of A^^+^ are 
those associated with the k-fold skew-symmetric product of the vector representation of 
SO (8), i.e. the transition functions of N'''^^ are those of a k-form bundle of a "transverse 
space" to the light-cone. In particular, one can define "transverse" (k + l)-forms on the 
spacetime M up to sections of A^*^"*"^. This can be seen from the sequence 

^ AT^+i ^ M'=+^ ^ ^ (A.17) 

where 

M*^+i = {a e A''+\M) , s.t., ixa^O} , (A.18) 

and the "transverse forms" are sections of Q'^"'"^. Moreover observe that the map e~A : 
Qfe — > A"'^+^ is an isomorphism. In addition Q,'^'^^ is equipped with a fiber metric induced 
from the spacetime metric. 

The V-parallel forms r can be written as r = e~ A 0, where are AT-invariant forms 
which can be thought of as sections of fl''. The condition that X and r are V-parallel 
can be written as 

VaXb = <^ de- ^ ixH , Cxg = 

k 

^i<Pn...j, = , (A.19) 

So the ixHab = H+ab components of H are determined in terms of e" , and X is a 
Killing vector field. Next let us focus on 

= |(-l)^i/+'b,0,,..,,]. . (A.20) 

This can be viewed as conditions on H^ij. Since ixixH — 0, ixH is a section of M^. 
The above condition imposes a restriction on the "transverse" components of ixH. In 
particular, decomposing A^(]R*^) = t(B i^, (A.20) is independent of ixH^, and expresses 
ixH^ in terms of the covariant derivative of r along the X direction. In turn this is 
related to the fi-*- component of the rotation de~ . This is a condition on the geometry as 
that of (A. 7) for compact stability subgroups mentioned above. Similarly, one can see 
from the remaining conditions in (A.19) that the is not determined by the parallel 
transport equation while the is expressed in terms of the V_ covariant derivative of 

T. 
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It remains to investigate the condition i(t>ji...jf, — 0. This condition can be analyzed 
as though it is examined in the context of 8-dimcnsional manifolds with X-structure 
compatible with a connection with skew-symmetric torsion. This is because as we have 
mentioned Vt^ has the properties of the bundle of k-forms of "transverse space" to the 
light-cone. The end result depends on the K structure, it may or may not give additional 
conditions on the geometry. In all cases, Hij^ is entirely determined in terms of the 
geometry. 

The Lorentzian structures we have presented above are reminiscent of the Cauchy- 
Riemann (CR) structures. This is not a surprise since the CR structures also arise in 
the context of null Maxwell fields in General Relativity, and they can be associated 
with a C/(n) K M^" type of structures, for a recent review see [43]. One can give various 
generalizations of the CR structures by using a Gray-Hervella type of classification for 
the K K R-^-structures. 

The Lie derivative of a k-form along the V-parallel vector field X is 

CxTA^A2...Ak+^ = {k + l){-l)''^^ixH'^[A,TA2...Ak+i]B 

CxT-i^...ik = kixH\i^Ti^...i^^j- . (A.21) 

Thus CxT = for all r, iff ixH^'' = 0. 

The geometry and fiuxes can be written as 

ds^ = 2e~e+ + Sije'e^ 

H^e+ Ade- + ^{H^ + H^^)_ije- Ae'A + ^Hijke' A A (A.22) 

where is not determined by the Killing spinor equations. 

For pp-wave backgrounds de~ = 0. In such a case, one can write e~ = dv for 
some coordinate v and X is parallel with respect to the Levi-Civita connection. The 
transverse space B to the pp-wave can then be defined as u,v — const., where u is the 
affine parameter of the of the null geodesies. In all cases B admits a X-structure, see 
[28] for more details. 



A. 3 Integrability conditions, field equations and holonomy 

To investigate the existence of certain supersymmetric backgrounds, it is useful to in- 
corporate the Bianchi identities and the field equations in the conditions for supersym- 
metry. The derivation of the field equations from the integrability conditions of the 
Killing spinor equations can be found in [41, 28]. Some additional useful formulae are 
the Bianchi identities 

RlAB,CD] = —-^{dH)ABCD + -j^H e[AbH cD] , 

Ra[b,cd] — —-^aHbcd — -^{dH)ABCD , 

RlAB,c]D = —-^dHABCD — dHabc — d{aHbc\e ■ (A. 23) 

of R. In particular, the second identity will be used to investigate the reduction of the 
holonomy of V for the descendants. 
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Appendix B Revisiting the singlets 



In the introduction, we have hsted the Lie subgroups of Spin{9, 1) that leave some 
Majorana-Weyl spinors invariant. Here we shall provide an argument to show that the 
list in the introduction is complete. This is essentially a Lie algebra computation. There 
are two additional cases that occur in the type I backgrounds in addition to those that 
have not been investigated in [28]. 

There is a single type of orbit of Spin{9, 1) in Majorana-Weyl representation of 
co-dimension zero and a representative is H- 61234, see [27, 28]. Two spinors are invariant 
either under the subgroup S'C/(4) K or G2- The representative of the second spinor 
[28] can be chosen as i(l — 61234) or 615 -|- 62345, respectively. 

To proceed, we decompose under the action of S'f/(4), as^^ = {C < 1 > 
)]^ © ReA^(C'^) © (A-'^(C^))]g, where we have chosen a 1 as representative for the first 
two invariant spinors to make the analysis more transparent. There is an orbit of co- 
dimension one of SU{4:) in ReA^(C^) with stability stabihty subgroup Sp{2). In addition 
under the action of Sp{2), S'^ decomposes as S'"'" = (C < 1 >)]g © M < i(6i2 + 634) > 
©A^(]R^) © H^, thus there are only three Sp{2) K M^-invariant spinors. SU{4) has an 
orbit of co-dimension 2 in (A^(C^))]^ with stability subgroup SU{3). However this case 
can be thought of descending from G2 and so it will be investigated later. 

To investigate the case of four invariant spinors, Sp{2) — Spin{5) acts with the 
vector representation on A^(M^) C S^. So there is a single orbit with stability subgroup 
SU{2) X SU{2). In addition under SU{2) x SU{2), S+ decomposes as 5+ = (C < 1, 612 > 
)]^ © M © (C^ © C^)]^, thus there are only four {SU{2) x SU{2)) x M^-invariant spinors. 
A key point is that SU (2) x SU (2) acts on H with the left and right multiplication by 
unit quaternions, i.e. 

x^axb , xem, a e SU{2) , b e SU{2) . (B.l) 

Sp{2) has also an orbit in with stability subgroup Sp{l) but this can also be thought 

of as the descending from the G2 case and it will be investigated later. 

Next SU{2) X SU{2) has a single orbit in H with stability subgroup SU{2), SU{2) C 
SU{2) X SU{2) is the diagonal subgroup. This case has not been consider in [28]. 
Moreover under this SU{2), decomposes as S'^ — {C < 1, 612 >)]^ © M < 613 -|- 624 > 
©ImH © (C^)][^ © where SU{2) acts on both copies of with the fundamental 

representation. Thus SU{2) x leaves invariant five spinors in S~^. Moreover there 
three types of orbits of SU{2) x SU{2) in (C^ ©C^)]^. Two of those have SU{2) stability 
subgroup. These two cases can be thought of descending from the G2 case and they will 
be investigated later. The third type has trivial stability subgroup and so there are no 
more invariant spinors. 

To proceed, observe that SU(2) C SU{2) x SU{2) acting as (B.l), for a = 6, on 
ImH has a orbit of codimension one which has stability subgroup U{1). In addition 
decomposes under U{1) as S = {C < 1,612,613 >)]^ ©^ (C)]^, where U{1) acts on C 
with the fundamental representation. Thus there are six U{1) x M^-invariant spinors. 

^^With we denote the associated real representation of a complex representation, i.e. (C < 1 > 
)]^ = M < (1 -I- ei234,i(l - 61234) >. 
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In addition, the orbits of SU{2) in ®^(C^)]^ have stabihty subgroup {1} in Spin{9, 1). 
Thus there are no more invariant spinors. This concludes the cases with non-compact 

stabihty subgroups. 

Next let us consider the descendants of G2- The G2 decomposition of is — 
M < 1 + 61234 > ©M < ei5 + 62345 > ©A^(M^) © A^(M'^). In addition G2 has a single 
orbit in A^(M''') of co-dimension one which has stability subgroup SU{3). Moreover S'^ 
under SU{3) decomposes as 5"+ = (C < 1, 615 © (A^(C^))]^ © (Ai(C^))]^, thus there 
are four S'[/(3)-invariant spinors. In either {A^{C^))^ or (Ai(C^))^, SU{3) acts with 
stability subgroup SU{2). In addition, decomposes under SU{2) as S""*" = (C < 
1,615,612,625 >)]^ ©^ (C^)m- Thus there are eight 5'C/(2)-invariant spinors. Moreover, 
the orbits of SU{2) in ©^(C^)]^ have stability subgroup {1}. So there are no other cases 
to investigate. This concludes the analysis. 



Appendix C S0{3) transformations 

The first three S'?7(2)-invariant Killing spinors are given by 1 + 61234, 615 -|- 62345 and 
i{l — 61234) + 625 — 61345. Therefore the fourth Killing spinor is spanned by the following 
basis elements: 

Al = i(l - 61234) - 625 + 61345 , A2 = i(6i5 - 62345 , A3 = i(625 + 61345) , 

A4 = 6i2 - 634, A5 = i(6i2 + 634) . (C.l) 

The action of the generators ti of 5*0(3) on these is given by (omitting terms proportional 
to the first three Killing spinors, i.e. restricting to P//C as discussed in the text) 

ti(Ai) = -2A5, t2(Ai)=2A3, t3(Ai) = 2(A2 + A4) , 

il(A2) = -2A3, t2(A2)=0, i3(A2) = -Ai, 

^l(A3) = 2A2 — A4 , t2{X3) — — |Ai , ^{Xs,) — — A5 , 

tl(A4)=0, t2(A4)--2A5, t3(A4) = -Ai, 

tl(A5) = |Ai, t2(A5) = -A2 + 2A4, t3(A5) = A3. (C.2) 

One can also see explicitly that the A's constitute the symmetric traceless representation 
of S0{3). Define the matrix 

/ 2A4 Al 2A5 \ 
M= Al -2A2 -2A3 . (C.3) 
\ 2A5 -2A3 2A2 - 2A4 / 

The transformation (C.2) corresponds to 

U{M) = Mti - UM , (C.4) 

with the generators given by 

/00l\ /010\ 

(C.5) 
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Prom these formulae it is clear that while the first three Killing spinors transform in 
the fundamental representation of SO (3), the remaining five basis elements form the 
symmetric traceless representation. 

Appendix D Null spinor bilinears 

The spinor bilinear vectors for the extra two basis elements eis and 624 are given by 

«(ei3,e24) = (e°-e^), (D.l) 

and other combinations vanishing. Similarly, the non-vanishing bilinear three-forms are 
given by 

^(1, eia) = -(e° - e') A (e^ + le') A (e^ + te') , 
e(ei234, 613) = -(e° - e^) A (e^ - ze^) A (e^ - le^) , 
e(ei2, ei3) = -(e° - e^) A (e^ - ie') A (e^ + ie') , 
^(e24, 613) = -i(e° - e^) A {loi - UJ2) , 

e(e34, ei3) = -(e° - e^) A (e^ + te') A (e'^ - ^e') , 
^(1, 624) = -(e° - e^) A (e^ + te^) A (e'^ + ^e^) , 
e(ei234, 624) = -(e° - e') A (e? - ze') A (e^ - ze') , 
e(ei2, 624) = (e° - e^) A (e^ - ie') A (e^ + ie^) , 

e(e34, 624) = (e° - e^) A (e^ + ie^) A (e^ - ie^) . (D.2) 

Finally, the non-vanishing bilinear five-forms are 

r(l, 613) = i(e° - e^) A (e^ ie^) A (e^ ie'^) A a;i , 

T(ei234, 613) = -i(e° - e^) A (e^ - ie^) A (e^ - ie^) A UJ2 , 

r(ei2, 613) = -2(e° - e^) A (e^ - ^e^) A (e^ + te^) A (e' A - A e^) , 

r(ei3, ei3) = (e° - e^) A (e^ - ^e^) A (e' + te'') A (e^ - ie') A (e^ + ze^) , 

T(e24, 613) = -|(e° - e^) A {uji - UJ2) A (a;i - UJ2) , 

T(e34, 613) = i(e° - e^) A (e" + ie^) A (e=^ - ie^) A (e^ A - A e'') , 

r(l, 624) = i(e° - e^) A (e^ + ie^) A (e^ ie^) A a;2 , 

T(ei234, 624) = -^(e° - e^) A (e^ - ie^) A (e^ - ie^) A cui , 

r(ei2, 624) = ^(e° - e') A (e^ - ie^) A (e'^ + 2e«) A (e^ A - A e^) , 

r(e24, 624) = (e° - e^) A (e> + ^e^) A (e^ - ^e^) A (e^ + ie^) A (e^ - ie^) , 

T(e34, 624) = -i(e° - e^) A (e^ + ie^) A (e^ - ie^) A (e^ A - A e«) . (D.3) 
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Here we have used the following definitions 

= A + A = A + A e^ (D.4) 

for the two-forms. 

From these expressions one can derive the inner products for the null Majorana 
spinors, which are 

ei = 1 + 61234 , 62 = «(1 - 61234) , 

63 = 612 - 634 , €4 = i(ei2 + 634) , 

65 = 613 + 624 , 66 = i(6i3 - 624) • (D-5) 

In the Majorana basis of spinors, the bilinear vectors read 

/t(e5,e5) = 2(e°-e5), 

«:(e6,66) = 2(e°-e5). (D.6) 

The bilinear three-forms are given by 

e(ei, €5) = -2(e° - e') A (e' A - A + A - A e') , 

e(6i, eg) = -2(e° - e') A (-e' A + A e7 + A e« - e^* A e"") , 

^(62, 65) = -2(e° - e') A (-e' A + A - A e« + e^^ A e^) , 

e(62, 66) = 2(e° - e^) A (e^ a - A e'^ - A + A e') , 

^(63, 65) = -2(e° - e') A (e^ A + A e'' - A - A e') , 

e(e3, ee) = -2(e° - e^) A (-e^ A - A - A - 6=^ A e") , 

^(e^, eg) = -2(e° - e^) A (-e^ A - A + A e"" + A e') , 

e(64, 66) = 2(e° - e^) A (e^ A + A + A + A e^) , 

e(65, 66) = 2(e° - e^) A {ui - 002) . (D.7) 

Finally, the five-forms are 

r{ei, €5) = -C(6i, 66) A{u;i-u;2), i = 1, . . . , 4, 
T(6i, 66) = C(6i, 65) A (a;i - a;2) , i = 1, . . . , 4, 

r(65, 65) = -(e° - e^) A (a;i - 002) A (a;i - 0^2) + 2(e° - e^) A Re(x) , 
r(e5,66) = -2(e°-e^)Alm(x), 

T(e6, 66) = -(e° - e^) A {uji - UJ2) A (^i - ^2) - 2(e° - e^) A Re(x) , (D.8) 
where we have used 

X={e'- ze^) A (e^ + te') A (e^ - ze«) A (e^ + ?e^) . (D.9) 
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